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Preliminary Discov RSE 


E the Mature and Application of the 
Fluxionary Method: With a ſhort 


Account of a C ontroverſy e dee, 


Ey the Manner in which that Method 
_ was at firſt explained, and the Rules 
of it demonſtrated by Sir Iſaac New- 
ton, and other Mathematicians at 


y Hos ome e and Abroad. 


| H E Sneak Improvements Which 
have been made by the Mathe- 
maticians of this and the laſt 
Century, both in the higher 
Gtamctiy;; and in Natural Philoſo hy, is in a 


great meaſure owing to the Method of Fluxions. 


What rendered this Method inſtrumental to 
thoſe Improvements, was, that curvilinear 
Figures are treated by the Aſſiſtance hereof, 
almoſt with the ſame Facility and ReadineGs, 
as if they were right-lined ; which, as every 
one the: leaſt acquainted with Geometry, can- 


not. hut- be ſenſible, is a mighty Advantage, 
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2 A preliminary Diſcourſe 


In Conſequence of this Advantage, a large 


Field for "Diſcoveries and Improvements in 
Natural Philoſophy readily opened itſelf, the 


, Quantities conſidered in that Science, vi. 


Powers, and their Effects, being repreſentable 
by geometrical Figures, and in moſt Cafes by 


ſuch only as are curvilinear z and the Praper- 
ties of the Figures, by which Quantities are 


capable of being repreſented, always point out 
to us the Affections and Relations of the Quan- 


tities themſelves: Of which I purpoſe to give 


ſome Inſtances in this Diſcourſe, to ſhew, 
how it is, that Geometry is ſo exceeding uſe- 


ful, and even neceflary, in the Buſineſs of 


Natural Philoſophy. It was by the Help of 


this Method of Fluxions, together with an- 


* 


other Method, called, The Doctrine of prime 


and ultimate Ratios, that Sir Iſaac Newton was 


enabled to make ſuch wonderful Diſcoveries 


in the Nature and Conſtitution of aur Sy ſtem; 
and to demonſtrate the Fruth of the Propoſi- 


tions in which he has comprized them: His 


Demonſtrations of which are much greater 
Objects of Admiration, than the Diſcoveries 


themſelves. Hence it is, that thoſe Vieus of 


his Diſcoveries, we have been more than ozce- 


_ entertained with under different Titles, appear 
languid and flat, viz. becauſe his Proofs, 


which are the Spirit and Life of his Perform. 
ances, being unintelligible. to common Read» 
ers, are, for that Reaſon, in ſuch Treatiſes, 
always left out of the Account. _ 1 4 

Be „The 


II. The Doctrine of Fluxions is a peculiat 
Kind of Analyſis, or Method of Inveſtigation, 
or Reſolution; wherein Quantities are not 
conſidered, as of a permanent or ſtated Mag- 
nitude, agreeably to the Methods made Uſe 
of in other Computations, but are conceived 
to be in a perpetual or uninterrupted Flux ; 
that is, in a State of continual Variation from 
one Degree of Magnitude to another. They 
are ſuppoſed gradually 7o increaſe or to dicradf, 
fo far as the Caſe may require, and this under 


certain and determinate Regulations; and 


thence the Relations they bear to each other, 
and their Properties are diſcovered. | _ 

Ul. The Principle this Method is founded 
upon, ſo far as relates to the finding the Re- 


lation or Proportion Quantities bear to each 


other, is this, viz. That all Quantities are 
greater or leſs, according to the Time and De- 
gree of Velocity or Qurckneſs with which they 
were, or might have been, produced, that is, 


might haye arrived from Nothing to their 


preſent Magnitude, by a regular and gradual 


Trereaſe: And conſequeritly, that when rio. 


or more Quantities are,' or might have been, 


. hos by reg with equal Degrees of 


Velocity in equal Times, thoſe Quantities 
are equal to each other; and that when the 
Velocities they ſhall be thus produced with, 
ſhall all the time of the Increaſe” bear any 
Ont Ba given 
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4. A preliminary Diſcourſe. 
given and determinate Proportion to each 
other, the Quantities themſelves ſhall be, 


the . one to the other, in that Proportion. 


This I ſhall explain "9 the Flow eaſy In- 
ſtances. 


Let AB and CD, in Fi igure 1 be two cir- 


cular Archs, whoſe common Center is O, 


and which are terminated by the two right 


Lines OA and OB; and let it be propoſed to 
diſcover the Relation thoſe two Archs bear to 


each other in Point of Magnitude ; that is, to 


find how many times one of them is longer 
than the other, their Radi OA and OC be- 
ing given. 


To perform this by the common Geometry, 


the Way would be to compare thoſe Archs 


with the whole Circumferences AB FA and 
CDHC; and then by comparing thoſe Cir- 
cumferences with each other, it might be diſ- 
covered, that thoſe Archs are to each other, 
as their Radii OA and OC, But the Fluxjoniſt 


proceeds quite otherwiſe, thus : He 1 1 
conſider with what comparative Velocities thoſe 
Archs might. have been produced, had they 
aroſe, from mathematical Points at the ſame 


time, and increaſed together till they * 
Fab the one AB, the other CD. In o 
der to this, he would poſſibly have ſuppoſed 
a Line, as OM, to have moved from the Si- 
tuation OA to OB, turning upon the Center 
O with any Velocity made Choice of at Plea- 


ſure (it matters not how faſt or how flow) 


and 
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4 preliminary Diſcourſe. "0 
and that the Archs aroſe out of the Points A 
and C the Moment the Line OM began to 
move from OA; and that, when that Line 
came to OM, the Arch AB was arrived to the 
Length AM, and the other to the Length CP;. 
and that, when the regulating Line OM came 
to ON, the former Arch became AN, the lat- 
ter co; and fo on, till the former was arri- 
ved to the Length AB, the latter to CD. He 
would then diſcover, by Rules we have for 
ſuch Purpoſes, that the Archs lengthening 
under this Regulation, muſt have increaſed 
all the Way with Velocities, Rates or Pices 
proportionable to their Diſtances from the 
Center O; and would from thence infer; that 
thoſe Archs would at all times, and therefore 
alſo, when they are compleated, be to each 
other, as thoſe Diſtances ; ; that is, as their 
Radii OA and OC. Which is the ſame Con- 
cluſion that might have been deduced from 
common Geometry; but, as is evident, is 
here obtained on a very different Principle, 
and by quite, another Method of reaſoning. 
Or, it may be ſyppoſed, that the Line OM 
moves the contrary Way, viz. from OB to 
OA, cauſing the Archs to decreaſe, as it moves 
along, while they vaniſh, the one at A the 
other at C. In this Caſe, it is clear, the Archs 
will decreaſe perpetually with the ſame Velo- 
cities the Points M and P ſhall be carried with 
by the Motion of the Line OM; and it 
'B 3 8 would 
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& A preliminary Difeourſe. 


would appear by the Rules of this Method 


hinted at above, that thoſe Points will be car- 
ried all the Way with Velocities proportionable 


to their reſpective Diſtances from the Center 


O; the Archs therefore will decreaſe all the 


Way with Veloeities proportionable to thoſe 


Diſtances; and ſince they will both of them 
neceſſarily loſe their * 5 Lengths, or be re- 


duced to Nothing, in the ſame time by ſo de- 


creaſing, it is manifeſt, that before > De- 
creaſe began, they muſt have been to each 
other in that Proportion. . 

If the Relation the two Areas A B 0 and 
CDO hear to each other, were required, the 
Line OM might be ſuppoſed to turn upon 
the Center O, as before, from O A to OB, 
and the ſaid Areas to ariſe, the former out of 
the Line O A, and the latter out of the Line 
OC, the Inſtant OM ſets out from OA; 


and to increaſe together f in ſuch manner, that 


when the Line OM is come from OA to ON, 


the Areas ſhall be ANO and COO; and that, 


when OM. is come to OB, the Areas ſhall 

have arrived to their full Magnitude ABO 
and CD O; then ſhall theſe Areas be found, 
by the Rules of this Method, to have increa- 
ſed all the Way with Velocities proportionable 


to the Squares of the Lines O A and OC; 


from whence it is to be inferred, that they 
are to each ther, as thoſe Squares; which is 
the well known Proportion ſuch Areas bean 
to each other. T ake Ro Inſtance, 


Let 
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Let ACB, in Fig. 2. repreſent a Semi- 
_ eircle, whoſe Diameter is AB; and let AKB 
repreſent a Semi- ellipſe, whoſe longer Axis is 
AB, and ſhorter one is twice OK, Any 
where upon the Line A B, ere& the Perpen- 
diculars PM and QR : and, as they generally 


expreſs it, let the two Areas of thoſe Figures 


be deſcribed by the Motion of one of thoſe 
Perpendiculats, as PM, moving parallel to 
itſelf from A to B: That i is, let that Perpen- 
dicular be ſuppoſed to move upon the Diame- 
ter AB from A to B, continuing perpendicu- 
lar thereto all the Way, and lengthening ot 
ſhortening as it moves along, as the curve 
Line AM RC B requires; and let the two Ateas, 

the Moment PM ſets off at A, be ſuppoſed to 


ariſe out of that Point, and when PM is come 


to QR, let the Areas be ſuppoſed to have ar- 
tived, the one to the Magnitude AR, the 
other to the Magnitude AI Q; and when PM 
is come to OC, let the Areas be, the bne 
ACO, the other AKO; and fo on, ſtill re- 
gulated in their Increafe by the Motion of that 
Perpendicular PM, till they ate compleated, 

and become, the one ACB, and the other 
AKB. In which Cale it will be found; from 


the known Properties of theſe Figures, and by 
the Rules of this Method, that the ſemieircu- 
lar Area ACB will heve increaſed all the 


Way, ſo many times faſter than the femi- 
elliptical one A'K B, as the Line OC is longer 
than OK; that is, as twice QC, or AB the 
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8 A preliminary Diſcourſe. 

Diameter of the Circle, is longer than twice 
OK the ſhorter Axis of the Ellipſe: A ma- 
nifeſt Indication, that thoſe Areas are to each 
other in that Proportion: Which is the Rela- 
tion ſuch Areas are otherwiſe demonſtrated, by 
the Writers on conic Sections, to bear to each 
S 

Thus the comparative Magnitudes of geo- 
metrical Quantities may, in ſome Caſes, be 
immediately deduced from the comparative 
Rates, Paces, or Degrees of Velocity they 
ſhall be found to increaſe with; the finding 
which Rates of Increaſe is, as I ſhall ſhew in 
ſome Inſtances aiterwards, beyond all Imagi- 
nation eaſy: And then, when the compara- 
tive Magnitudes of the Quantities are thus 
found, if one of them be already known, or 
- ſuch that it may be eaſily meaſured, the 
reſt, as is evident, may rann be known 
from thence. - 

IV. I have not te the 8 
Caſes, as Inſtances of the fluxionary Method, 
but only to explain and illuſtrate the above- 
mentioned Principle on which I obſerved that 
Method is founded, and as it were to initiate 
the Reader therein by giving him an Inſight 
how it is, that in ſome Cafes the comparative 
Magnitudes of Quantities may immediately be 
5 — from the comparative Rates they ſhall 
increaſe with. For it very frequently, nay 
almoſt always happens, that whatever Regu- 
Ikon, on doppel the — to increaſe 

under, 
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under; they ſhall not be found to increaſe, 
the one exactly the ſame Number of Times 

faſter than the other all the Way, or from firſt 
to laſt; in which Caſe, the Proportion they 
ſhall bear to each other cannot be immediate- 
ly deduced from the comparative Rates they 
ſhall increaſe with. For Inſtance : Suppoſe 
that while two Quantities are increaſing toge- 
ther, it ſhould appear from their reſpective 
Properties, and the Regplation we ſuppoſe 
them to increaſe under (which are the Things 
we always reaſon from); I ſay, ſuppoſe it 
| ſhould appear, that at firſt ſetting off, one of 
them ſhould increaſe ten times faſter than the 
other, by and by eleven times taſter, and at 
laſt twelve times as faſt. Here it might in- 
deed be inferred, that one of thoſe Quantities 
is more than ten times larger than the other; 
becauſe it increaſes upon the whole more than | 
ſo many times faſter; and it may be inferred, 
that it is leſs than twelve times as large ; but 
to ſay from thence preciſely how many times 
it is larger, is not ſo eaſy. How the Magni- 
tude of Quantities is to be found 1 in this Cale is 
now to be explained. 

V. To give a clear and adequate Caneopt 
on of this, it is requiſite. previouſly to con- 
fider, what it is that in mathematical Lan- 
guage is meant by finding the Magnitude of a 
Quantity. By the finding the Magnitude of 

9 then is meant either, 


1. The 
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10 A preliminary Diſcourſe. 
1. The finding a numerical - Expreſſion, 
as 100, or 1000, or ſome other Number : 


When we have found an Expreſſion of that 
fort for the Quantity ſought, we fay, the 


Magnitude of that Quantity is found, and in- 
quire no farther. Or, 


2. The finding an algebraical Expreſſion, a8 
ax, byy, Vax Tx x, or the like: Here al- 


fo, when an | Expreſſion of this Sort is 


found for the Quantity, its Magnitude is 


faid to be aſcertained ; nothing more being 


then requiſite, than to ſubſtitute Figures 


for the Letters of which that Expreffion con- 


fiſts; or, as we commonly term it, 7 put it 


into Numer. 5 51 5 
3. If you aſk a Geometrician how large the 
Quantity is, he will tell yon perhaps, that he 


has found: it equal to the Area of a Circle 
whoſe Diameter is ſo or ſo; to an Arch per- 
haps of fuch a Circle, whoſe Tangent, or 


whoſe Sine perhaps, is fo or ſo; to the Con- 


tent perhaps of ſome other Figure, which he 
will tell you is to be conſtructed, that is, to 


be drawn, after this or that manner ; and the 
like. Here indeed the Magnitude of the 


Quantity cannot, ſtrietiy ſpeaking, be faid to 

be diſcovered; . becauſe a Computation, per- 

haps of no eaſy Kind, may ſtill be requiſite 

for the finding how great that Area, that 
Arch, or that Content may be. However, 
the having obtained an Expreſſion of this Kind 


for the Quantity ſought, is alſo, among Ma- 
thematicians, 


* 
” 
2 
= Cs 
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thematicians, conſidered as having found the 


Value or Magnitude thereof. But obſerve, 


every Quantity cannot be expreſſed any one of 


theſe Ways: Happy are we ſometimes, when 


we can find an _— for it from them all 
combined togethe 


VI. It being uſual, in the fluxionary Me- 
thod, to endeavour to find an Expreſſion of 
the ſecond Kind, viz. an algebraical one, for 
the Quantity ſought, when ſuch Expreſſion 
can be had; I begin with Caſes of that Sort. 

To explain this, it is proper to take notice, 


| that, if one of the Letters or Members in any 


algebraical Expreſſion, as in axx, bx, or 
the like, mould increaſe or be taken larger 
and larger, while the other Letters or Mem- 


bers therein remain as they are, or, more pro- 
perly ſpeaking, while they continue to denote 


Quantities of unalterable at the Expreſſi- 
on itſelf would neceſſarily zncreafe, or decreaſe. 
Thus, if x in the firſt of thoſe above-men- 


_ tioned, viz. in axx, ſhould increaſe, the Ex- 


preics itſelf would alſo increaſe; becauſe the 


ger x is, the larger will axx be, provided 
Ky other Letter @ remains as it is: But if x in 


the ſecond Expreſſion, viz. in -& ſhould 


increaſe, that Expreſſion would decreaſe; be- 
cauſe x in that, being a negative Quantity, 
the larger it is, ſo much leſs is the Quantity 


b—x.. Farther, if you ſuppoſe x in the al- 


gebraical Expreſſion ax— xx to increaſe con- 
wn. and à to be conſtant or unchangeable, 
Jou 
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12 4 3 Diſcourſe. 


you will find, that the Expreſſion itſelf ſhall 

grow larger and larger for a while, v2. till x is 
become equal to half a, and after that it ſhall 
grow leſs and leſs, In hot, algebraical Ex- 


preſfions may be found, that ſhall increaſe or 


decreaſe according to very different Laws of 


Variation, while one of the Letters, Mem- 
bers, or Terms contained therein ſhall conti- 
nue to increaſe with an uniform or even Pace. 


This being obſerved, 5 
e ART B, in Fig. 3. det the 
whole, or any Part of a geometrical Figure, 


Who Nature, that is, fore one. at leaſt of 
whoſe general Properties, 1s already known ; 


and let it be propoſed to find an algebraical 


Expreſſion, that ſhall denote or expreſs the 


Magnitude of its Area ATB, or any Part 


thereof, as AQR or AST, Ge. In order to 
this, let the ſaid Area be ſuppoſed to be de- 
ſcribed, produced or generated, (as they term 
it) by a Line as PM, making any Angle with 


the Line AB, and moving parallel to itſelf 
with any Velocity taken at Pleafure, from A 


to B, in the ſame manner as was mentioned 


for the two Areas, in Fig. 2. viz. fo, that if 
QR and ST be drawn parallel to PM, when 
P comes to Q, PM ſhall come to QR, and 
the Area ſhall be AR; and when P comes 


to 8, PM ſhall come to ST, and be equal to 
it, lengthening or ſhortening, as it moves 
along, as the Curvature of the Figure requires, 


and * Area ſhall be AST; and ſo on, till 


PM 


1 
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PM comes to the Point B, and vaniſhes there, 


and the Area be compleated. Then an alge- 
braical Expreſſion is to be ſought for, of ſuch 
Sort, that if one Term, Letter or Member 
therein ſhould increaſe at.the ſame Rate with 
the Line AP, the whole Expreſſion would in- 
creaſe at the Hime Rate with the Area APM; 
for then taking that Letter or Member in that 
Expreſſion equal to AP, the Expreſſion itſelf, 


(except in ſome particular Caſes to be men- 


tioned by and by) will be equal to the Area 


APM; and taking that Letter equal to the 
whole Line AB, the Expteſſion, will be 
equal to the whole Area AT B. 


VIII. To ſhew the Reaſon of this, it is 
farther to be remarked, that although an al- 


gebraical Exprefſion may obſerve various Laws 


of increaſing at different Times, that is, may 
increaſe firſt ſlowly, and then faſter, or the 


contrary, while one of its Terms ſhall conti- 
nue to increaſe at an even Pace, as above- 


mentioned; yet the Rate it ſhall itſelf increaſe 
at, at thoſe different Times, may be expreſſed 


the ſame Way, or by one and the ſame gene- 


ral Expreſſion, or Theorem, Thus, the 


Rate the firſt of the above-mentioned alge - 
braical Expreſſions, ax x, ſhall increaſe at, 


while x increaſes at the Rate Unity, ſhall, as 
will appear by the Rules of this Method to be 


delivered in the Book itſelf, be expreſſible by 
2ax, or 24xx1; or, if the Letter x in that 
Expreſſion be ſuppoſed to increaſe continually 


at 


8 — 5 — 
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at the Rate x, or Dot x, (which, for Rea- 
ſans I ſhall mention afterwards, is the uſual 
Way of expreſſing it) that is, if we denomi- 
nate the Rate we ſuppoſe the Quantity x in 
that Expreſſion to increafe at, by the Cha- 
rater Dot x, the Rate the Expreſſion itſelf 
ſhall increaſe at, ſhall be expreſſible by z a xxx. 
This is called the Fluxion of the Quantity 
axx, and implies, that if x in py ap 
mould continue to increaſe at the Rate Dot x, 
(meaning thereby any uniform or conſtant 
Rate greater or leſs) the Expreſſion axx would 
neceffarily and conſequentially increafe at the 
Rate 24xxXx; that is to fay, that when x in 
that Expreſſion begins to increaſe, and is as 
yet nothing, that Expreſſion ſhall then increaſe 
at the Rate 22 x , &, or Nothing, that is, it 
ſhall not increaſe at all; when x in that Ex- 
preſſion is by increaſing arrived to the Mag- 
nitude Unity, the Expreſſion axx ſhall then 
Increaſe at the Rate 2ax1 xx, or aa, that is, 
twice 4 times faſter than we ſuppoſe the Term 
x to increaſe; and that when x is become 2, 
axx ſhall. increaſe at the Rate 2ax2xx, or 4 
times à times faſter than x; and ſo on. In 
like manner, by the ſame Rules a—.2 xx * 
| ſhall be found to be the Fluxion of the Quan- 
| tity ax—xx, and implies, that if x in that 
Quantity, or Expreſſion, ax — xx, ſhould 
increaſe at the Rate x, the Expreſſion itſelf 
would in Conſequence thereof increaſe at a 
Rate always expreſſible by a— 2xxx, that * 
that 
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that when x begins to increaſe and is as yet 
nothing, ax — xx ſhall increaſe at a Rate ex- 
preſſible by a- R, or ax, that is'a times 
faſter than we ſuppoſe x to increaſe; and 
| when x is become One, and is increafing on 
at the ſame Rate x, as before, ax — xx ſhall 
be at that Inſtant increaſing at the Rate 
_ 2x IX, and 15 on. In like ene 


The Fluxion of x "a . ſuppoſing x to increaſs 


TR 


at the Rate * hall be — —X XX, And if a 


be any given Quantity, 68 x be ſuppoſed to 
increaſe at the Rate x, as we * all 529 
* * e 

: The Fluxion of ax” ſhall be a 255 * &. 


— 


TheFluxionofaxx * ſhall be a * 8 


n 


TheFluxion 3 Fo ſhall be vas Ne 


x 


ex 


The Fluxion e ſhall be — 
les Sc. 
"The Method of finding th theſe Fluxions will 
be largely explained 1 in the Book itſelf. ? 
IX. Ob- 
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IX. Obſerve farther, that when a geome- 


trical Figure is generated or deſcribed in ſuch 


manrer as was mentioned or the Figure 


AR TB, in Fig. 3. and when the Lines PM, 


QR and S T are all perpendicular to the Baſe, 


which we will at, preſent ſuppoſe, the Way to 


find the Rate the Area ſhall: increaſe at, at any 


Place or Time, ſuppoſe for Inſtance when it is 


APM, is to multiply PM by the Rate you 
ſuppoſe AP to lengthen at; or, which is the 
ſame Thing, by the Rate you ſuppoſe the 


Line PM itſelf to move forwards with. If 
therefore you denominate AP the Diſtance of 


the Perpendicular PM from the Point A by 
ſome general algebraic Character, as x ſuppoſe, 
and, from the Nature and Properties of the 


Figure, (which, as I ſaid before, we always 


ſuppoſe to be known) and from AP (or ), 
you compute the Value of PM, by which 


means you will obtain a genera algebraic 
Theorem for. that Perpendicular at whatever 
Diſtance you take it from A, becauſe the 


Term x, being a general algebraic Character, 
may denote any Diſtance greater or leſs ; and 


then, if you multiply that Value by the Rate 
you ſuppoſe AP to lengthen at, ſuppoſe by 
x, you have a general algebraic Expreſſion for 
the Rate the Area APM ſhall increaſe at all 


along, however various it may be, while the 


| Baſe AP increaſes all the Way at the unifarm 


or even Pace x. That Expreſſion will be 
what i is called the Fluxion of the Area, and if 


it 
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it comes out the ſame, ſuppoſe, with any of the 


Fluxions mentioned in the foregoing Article, it 


is an Indication, that (except, as I obſerved be- 
fore, in ſome Caſes to be mentioned by and 
by) the algebraical Expreſſion, which has 
that Fluxion, is ſuch, that if x, the flowing 

Letter, Member or Term therein ſhould in- 
creaſe at the ſame Rate with the Baſe AP, the 
Expr eſſion itſelf would increaſe at the ſame 


jy the Area; and. therefore, as obſerved 


above, that, if you take the increaſing Term 


E in that Expreſſion equal to any Length of 


the Baſe AP, the Expreſſion itſelf ſhall be 
equal to, or ſhall -Wo the Area APM cor- 
reſponding to that Baſe ; and conſequently 
that, if you take that Letter_equal to A 
the Expreſſion ſhall then be equal to, or ſhall 


| denote the Magnitude of the whole Area | 
ATB. 


KX. The finding ſuch algebraical Expreſſi- 
on is called finding the Fluent. That ſuch 


Fluent or algebraical Expreſſion will in ſome 


Caſes be equal to the Quantity ſought, will 
appear from the following Inſtance. 


h # Let ABC, in Fig. 4. be a Parabola ; call 


the Parameter of it a; let AB be its Axis, and 
let PM and QR be perpendicular thereto ; 
and let the Area of it be ' ſuppoſed to be de- 


ſcribed by the Perpendicular PM moving pa- 
rallel to itſelf from A towards B C: Call the 
indeterminate Diſtance AP, «; then, as is 
W oy all the Writers on this Fi- 


C 2 *t 
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gure, the Perpendicular PM will be equal to, 
or expreſſible by, y/ax, and is therefore by 
them already calculated to our Hands. Call 
the Velocity you ſuppoſe the Line PM to 


move with in deſcribing the Figure, x; then 
multiply the Value of that Perpendicular, vi. 


the Quantity ax by *, and you have 


Vaxxx, which, for the Reaſons above-men- 
_ tioned, is a general Expreſſion denoting . the 
Rate the Area APM ſhall increafe at, at all 
Magnitudes thereof: It implies; that when 
the Baſe AP, or x, begins to increaſe, and is 
as yet a Point i in A, the Area ſhall then in- 


creaſe not at all, the Quantity VaxXxx, being 


then Va xx, or Nothing; and that when 
AP, or x, is one, the Area APM correſpond- 


ing thereto, ſhall increaſe at the Rate Va ixx, 
or ve **, and ſo on. But it Was obſerved 


above, that the algebraical Expreſion 7 
214 
is a Quantity whoſe Fluxion is alſo 64580 Xx, 
conſequently it is an Expreſſion that when x 
therein ſhall increaſe at the ſame Rate with 
AP the Baſe of the Parabola, ſhall itſelf ( ſup- 
poſing @ here the ſame alſo with a there) inereaſe 
at the ſame with the Area correſponding to 
that Baſe: And that it ſhall be 8 to tat 
Area may be thus demonſtrated. 

When the. deſcribing Line PM ſets off at 
A, and the Baſe 1 or x, is as yet N g. 
| the 
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the Area AP M is alſo Nothing, as appears by 
af ton of the Figure ; and likewiſe, when 


2x\/ax 


x in the algebraical Expreſſion - begins 


to increaſe, and is cherefore as yet equal to 


N othing, the Bxpreflion ſelf IS — 6! = or 


11411 31.) 


97 
Nothing. That Expreſſion therefore and the 
Area are not unequal when the Increaſe be- 
gins; ſince then that Expreſſion increaſes con- 
1 ſtantly at the ſame Rate with the Area, while 
1 the Term x therein increaſes at the ſame Rate 
with the Baſe; it is clear, that when that 
Term x is equal to the Baſe, the Expreſſion 
itſelf will be equal to the Area, mean the 
Arca that inſiſts upon, and is deſcribed in the 
if: Tame Time with that Baſe; and therefore, by 
| taking » in that Ex preflion”” equal to any 
Length of the Baſe AP; we render the Ex- 
preſſion-itſelf equal to the Area correſponding 
thereto.” For, by taking » equal to AP, we 
take the Times of Increaſe equal; but when 
the Times of Increaſe are equal, the Quantity 


25/ax and the Area, which conſtantly | in- 


4 
4 1- 


creaſe along viitheach other, muſt be equal alſo. 

XI. This is a Circumſtance always to be 

attended to; for it by no means follows, that 

becauſe two Quantities increaſe with equal 

Paces, they ſhall themſelves be equal; for, as 

* 1 n unleſs they be equal at firſt; {vin 
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off, or when the Increaſe begins, their increa- 

fing with equal Paces will be ſo far from ma- 
king them equal, that it will continue them 
as unequal as they were at firſt. It is only 
the cotemporary Fluents, as they expreſs it, 
that ſhall be equal to each other; that is, it is 
only what Quantities ſhall have gained by in- 
creafing with equal Paces during equal Times, 


and not what they themſelvcs ſhall be at the 
End of thoſe Times, that ſnall be equal to one 


another. Suppoſe, for Inſtance, that the Fi- 


gure ABC had been of ſuch fort, that its 


F luxion would have been found — _—_ I 
2 a + x. 
this, as obſerved above, (65 8.) is the he Fluxion 


of the algebraical Expreſſion Vans, yet 


that Expreflion would not have been the true 
Value of the Area APM, for tho! it be a Quantit 


which, while the Term x therein increaſes at 
the fame Rate with AP, or x, in the — 9 
does itſelf inereaſe at che ſame with the Area, 
yet it is always larger than that Area by the 


Quantity / a; for, when AP, or x, in the 


Figure, and alſo x in that Expreſſion are No- 


2 the Expreſſion itſelf is then Vas, 
r Ha, but the Area is then Nothing; that 


— therefore exceeds the Area at that 


Time, and W all along, by that 
equal to ot | - 
1 * pry be "diminiſhed ' by that 
"Quantity, that is, chat Quantity muſt be 
deducted 
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deducted from from it; by which means it will be 


made ar- -e, which would be the 


true Value of the Area APM. The making 
this Alteration in the algebraical Expreſſion is 


called, Correfting the Fluent, There are more 
Caſes of it, which will be largely explained | in 


the Book itſelf. 


XII. And now may appear the Reaſon, 
why it is uſual to denominate the Rate we 
_ ſuppoſe any Quantity, or Term, to increaſe 


at, by the ſame Letter, or Character, we de- 


nominate the Quantity itſelf (as the Rate we 


ſuppoſe x to increaſe at) by &: it is, that they 
may refer to each other; by which means it 
appears at firſt Sight, which of the Letters in 


any fluxionary Expreſſion, as, in Ha x x & 


Py neat, 
or increaſe, and which not. In like manner, 


&c. is taken to denote an increaſing Quantity, 
the Fluxion of that Quantity, or the Rate we 
aſſume or ſuppoſe it to increaſe at, is uſually 
expreſſed by the ſame Letter y or 2, &c. but 


diſtinguiſhed therefrom by a Dot or Tittle 
over it, as above-mentioned; and is to be 
or Dot z, Sc. 


read or pronounced Dot y, 
This is the Notation the Engliſb, 


following 


Sir Iſaac Newton, the great Author of this | 
Method, generally make Uſe of: And hence 
it is, that in che Writings of the Eng lißb 1 
L C 3 # 


”, and the like, is ſuppoſed to flow 


when any other Letter or Symbol, as y or , 
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this Subject thoſe Characters &, y, &c. ſo oft 


occur. The Foreigners, inſtead. of Dot x, 


Dot y, Sc. uſe dx, dy, &c. the Reaſon of 
5 ſhall be explained by and by. 


But as from an CEOS Expreſſion as 


Vas, ave, oy we can find its Fluxi- 


— 


5 Nin Les 
on, or fluxion xpreſſion, —== 
n, or 12 ary P 2 K 
Hax x, Ec. by certain Rules for that Pur- 
poſe, ſo by the Converſe of thoſe Rules we 
can find the former from the latter, that is, 


the algebraical Expreſſion from its Fluxion. 
When therefore we have found the Fluxion of 
the Quantity ſought, as explained above, the 
next Step is, from that Fluxion to find the al- 
gebraical Expreſſion whoſe Fluxion it alſo is, 


then that algebraical Expreſſion, when duly 
corrected, if need be, which I here mention 


once for all, is to be taken for. the Quantity 


ſought, 51 


Or, in determining the Areas APM, in 
Fig. 3 or 4. an algebraical Expreſſion might 


have been ſou ght for ſuch, that when one 
Term or put Ps ſhould have increaſed 


at the ſame Rate with the Line PM, or even 
with the curve Line AM, the Expreflion itſelf 


ſhould have increaſed at the ſame with the 
Area, that algebraical Expreſſion, . or Fluent 


as they term it, n we take that Term 


of 


A preliminary Diſcourſe. 
or Letter therein equal to PM, or AM, * 
have given the Area APM. 

XIII. We have ſuppoſed the Areas in Fig. 3 
and 4 to be generated or deſcribed by a Line, 
as PM, moving parallel to itſelf from A to- 
wards B. The fame Areas might have been 
conceived, as deſcribed under a very different 


Regulation, thus: Imagine a Line, as PM, 


Fig. 5. to turn upon the Point P, as a Center, 


from PA to PM, from thence to PR, and 5 


on, and to lengthen or ſhorten, as the Form 
of the Figure requires: And when the Line 
PM is come to PR, let the Area be APR; 

and when PM is come to PT, let the Area 


be ſuppoſed to have arrived to the Magnitude 


APT, and ſo on. Then, let an algebraical 
Expreflion be ſought, that ſhall increaſe at 
the ſame Rate with the Area, while ſome one 
Term, Letter or Member therein ſhall in- 
creaſe at the ſame with AM or PM, then 
taking that Letter or Term equal to A M or 
PM, the algebraical Expreſſion ſhall be equal 


to the Area APM, at whatever Diſtance the 


Line PM is ſuppoſed to be from the Line 


PA; that is, whatever be the Magnitude of 


the Ang le APM. 

1 5 curve Line AM, in Fig. 3 or 17 
were required, let the Figure be ſuppoſed to 
Increaſe under either of the forementioned 
Regulations; then from the Nature of the Fi- 
ure, and by Rules to be mentioned in the 
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lengthen, while AP or PM. in Fig. 3. or 
while PM in Fig. 5. ſhall increaſe, (ſuppoſe 
at the Rate x or y) then from the fluxionary 


Expreſſion that ſhall arife, find an algebraical 


one which ſhall have the fame fluxionary Ex- 


preſſion alſo for its Fluxion ; then taking the 
flowing Term in that Expreſſion equal to any 


Length of AP or PM in Fig. 3. or of PM in 


Fig. 5. you have an Expreſſion denoting the 


Value, that is, the Length of the curve Line 
II the Magnitude of a Solid, as ABC in 
Fig. 6. were required. Let its Axis be A O, 
and ſuppoſe the Solid to be deſcribed by a 
Plane, as MN, parallel to the Baſe B C, and 


moving from A towards O, with the Velocit 


x ; then find a general Expreſſion, that ſhall 


denote the Rate the Solid ſhall increaſe at un- 


der theſe Circumſtances ; which is to be done, 
as ſhall be demonſtrated afterwards, by com- 
puting the Value of that Plane at the indeter- 
minate Diſtance A P from the Point A, and 
multiplying that Value, if the Plane be per- 
pendicular to AO, by x, viz. by the Nate 


algebraical one which ſhall have that Expreſ- 
ſion for its Fluxion, and taking the flowing 
Term in the algebraical Expreſſion equal to 


AP, the algebraical Expreſſion ſhall thereby 
be rendered equal to the Solid AMN; 
if therefore you take that Term equal to 


the 
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the whole Axis AO, you have the Vat 6 
and of the whole Solid. 


XIV. But it ſhall fre 
whatever Regulation you ſuppoſe a Quantity 
to increaſe under, yon ſhall meet with a 
Fluxion of ſo perverſe a Kind, that no alge- 


braical Expreſſion whatever, nor no finite 


Number of ſuch, ſhall be, even capable of 
having that Fluxion, or of flowing at that 


Rate. This happens when the Quantity 


ſought cannot be expreſſed by any finite Num- 

ber of Terms whatever, which is very often 
the Caſe. Then the Difficulty begins to riſe. 
Then it is your utmoſt Skill and Addreſs r 
be required. You are then to look out for 


ſome geometrical Figure, of ſuch Sort, that 


when ſome one Part thereof (ſome Line 
for Inſtance) ſhall increaſe at the ſame 
Rate with the Baſe, or other Dimenſion, of 
the Quantity ſought, either the Arch or ſome 
other Part of that geometrical Figure ſhall 
increaſe at. the ſame Rate with the Quantity 
ſought; then, if you take that Part of Line 


in that Figure equal to the Baſe, or other 
Dimenſion of the nnknown Quan —_— 


faid Arch or other Part of that Figure 


equal to the Quantity fought. A this = 


you. obtain a — Expreſſion for the 
Quantity ſought. This is alſo called, Finding 
the _—_ But it is here alſo to be under- 


food, hes this Bowes, Gn to be 


corrected, 
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corre&ed, as before: Becauſe otherwiſe, not- 
withſtanding it. is a Quantity which increaſes 
or flows at the ſame Rate with the Quantity 
fought, it may, or may not, be equal there- 
46; 
In order to find uach Figure or geometrical 
Quantity, you are firſt to have Recourſe to 
the Meaſures of Angles, or to the Meaſures of 


Ratios; by the former of which is meant Archs 


of Circles, ſuch being the Meaſures of their 
correſponding Angles at the Center; by the 
latter, hyperbolic Areas or the Logarithms, ei- 
ther of which are the Meaſures of Ratios : By 
this means perhaps you may find a Quantity 
which alone, or together with others, ſhall 
have the fame F luxion with your Quantity 
ſought. This is what is looked upon, as the 
fecond Degr 
the firſt, via] of that we have all along been 
explaining, Deen neither the Archs of Cir- 
cles, nor the Areas of the Hyperbola, can be 
expreſſed in algebraic Terms, and therefore 
they cannot be accurately meaſured, or ex- 
preſſed in Numbers. They have however 
been already computed to very great Exact- 
neſs by ſeveral learned Men, and are extant, 
the former in the Tables of Sines and Tan- 
gents ; the latter, in thoſe of Logarithms. If 

this fails, your next Recourſe is to the Archs 
of the Hyperbola or of the Ellipſis, or to both 
theſe combined together ; which may require 


A en intimate Acquaintanee with thoſe 
| Curves, 


f Reſolution: It falls ſhort ß | 
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Curves, If this fails, then to the Areas or 
Archs, Sc. of ſome other mathematical Fi- 
gure you can meaſure: In which Caſes, the 
greateſt Dexterity and algebraical Knowledge 
imaginable is often requiſite in order to franſ- 
form your fluxionary Expreſſion, ſo that it 

may appear in the moſt commodious and pro- 
per Form. If all fail, your derniere Reſort is 
to infinite Series, the loweſt Degree of Reſo- 
lution. In this Caſe the fluxionary Expreſ- 
ſion you have to deal with, is to be thrown 
into an Infinite Series, by Sir Jaac Newton's 
Binomial Theorem, or otherwiſe; (the Alge- 
braiſts know how.) That Series will contain 
an infinite Number of fluxionary Expreſſions, 
for each of which you may readily find a Flu- 
ent expreſſed in algebraic Terms; then fo 
many of thoſe Fluents as you ſhall think 
proper, muſt be made Uſe of for the Value of 
the Quantity ſought, 
But, whereas theſe Things are . 


Matter of great Difficulty, e Mathema- g 
ticians, and Men of great Skill in this Doc- Þ® 
trine, particularly the late Mr. Cotes, Profeſ- b 
for of Aſtronomy and Experimental Philoſo- y 
phy at Cambridge, in his Harmonia Menſura- 1 
rum, Mr. Emerſon in his Treatiſe of Fluxions 4 
{and others] have taken the Pains to calculate 


3 
= OE 


them ready to our Hands, and have compo- 
ſed Tables, which generally confiſt of two 
Columns; in the former of which you have 5 
great Variety of fluxionary Expreſſions, and «a 
WIG] Nh: over 5 
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over againſt them in the other, their reſpective 
Fluents. The Fluents that correſpond to 
your Fluxion in thoſe Tables, is, when duly 
| Corrected, to be taken for the Value, Magni» 
tude or Meaſure of your Quantity ſought, 
XV. All Quantities, either W or 
decreaſing, are, in the Language of the Fluxi- 
omits, which we ſhall have Occaſion to adopt 
as we go along, ſtiled variable or indetermi- 
nate Quantities; and are faid to flow, to be in 
a perpetual Flux; from whence this Doctrine, 
founded on that Conſideration, has the Name 
of Fluxions. Such Quantities are alfo called 
Fluents, and ſometimes flmorng Quantities; 
and the Rates they vary with, whether by in- 
creaſing or decreaſing, are their Fluxions. On 
the other band, ſuch as are not conſidered as 
varying in Magnitude, are faid to be canſtant 
or invariable. Thoſe whoſe Magnitude is 
known are, as in common nn called 
5 Quantities, 
Thus, in Fig. 3. the Lines AP, PM and 
AM, and the Area APM, all which vary in 
Magnitude i in Conſequence of the Motion of 
the deſcribing Line PM; as likewiſe any al- 
gebraical Expreſſion, as ax, by, or the like, 
one or more of whoſe Terms or 1 as 
is ſuppoſed to increaſe or decreaſe, are 
called Flu Flaents or flowing Quantities ; as are al- 
2 the increaſing or decreaſing Terms x or y 
themſelves; and the Rates, Paces or Degrees 
of Swiſtack hey increaſe or decreaſe with, > ee 
their 
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their reſpective Fluxions, Whereas Lines, or 


other Quantities, as A B, ſuppoſe in Fig. 3, 
4, and 5. which are not at all affected by the 
Motion of the deſcribing Line PM, are ſaid to 
be conſtant or in variable. 

XVI. This Doctrine is uſually diſtin ani 
ed into two Parts; the former of which is 
called the direct Method of Fluxions; the lat- 
ter, the inuerſe Method, Under the former as 
included whatever relates to the finding 4 
Huxian, whether it be from the Properties oi 
a Quantity as yet unknown, or from an 


finding the Fluent, whether it be algebraical, 
geometrical, or mixed, from the Fluxion. 
The Rules for both ln ſhall be laid down 
and demonſtrated with the utmoſt Perſpicuity 


and Plainneſs, in the Treatiſe for e this 


irony Diſcourſe 3 is intended. 


XVII. I ſhall now proceed. to kt forth TY 
ſame Things in a very different Light, viz. 


that in which the foreign Mathematicians ge- 
nerally repreſent: them; and then, after has 
ving made ſome: Obſervations relative to what 
{ball have been delivered, ſhall conſider ſome 
other Uſes of this Method of an higher Kind. 


XVIII. The foreign Mathematicians, moſt 


of whom learned this Method from Leibnitz. 
and to whom they contend the Honour of the 


Invention is due, found it upon a Principle 
5 in 


braical Expreſſion; and under the latter, the 


* 1 9 — 
* 5 ö 5 ; — 5 
8 8 _ — pF a — 22 5 ** . 33 1 8 5 
W _— _ > „ et or ee es 1 T3225 E 2 3 * 8 2 £ N - 4. A - 7 k 98 
# 2 * „ ae = * = hs K % FA: 3 i — 2. 3 Se 13 * "Mb 2 re . rs OS ws 8 2 > : : 
M gen LEST =. ⁰yʒ r 
Pi” > A = - - 4 — Ls HO 4 -—— OE f 2 . > * —— 4 = 
— * — e — = . — 23 
— b 2 —_— . " ws 3 at . _ 1 = "—_— =; 
. a — 22 — 


1 1 — r x 22 * 
FA W M6 6 _ 2 gr * * eee . 5 kh. 4 ie „ cs 2 > S884 8 = 8 * 12 
1 = 0 . & P Wn Lay 2 _ & - 1 2 8. 8 5 * of 1 : 
. 2 1 4 » 5 4 Fre) * * » r * . y * 25 n — —.— 1 
1 — E Ss + 2 — — 38 — . A # -- — 2 2, x 
* 8 r x 4 2 4 6 a * = p 
- © — 3 n 
. — 3 N 
» © 


———_— 
_ 


* N 

8 CET 4% © 

. 12977 ne 
— 3 


—— 


8 as n 
EY I th EEE, 
8 . 41 
al 


— 
— — 

— 4 E 
* 


RR 


—_ 
—— 2 
— 


— 11 —— —— — — Ba 
£ — 5 oh 8 — — - * 


PPP ²˙· 15 . . og 
- * _ "> ww - 
COS COS INC b — tent 


by 
4 
i . 
> 
8 
5 
1771 
1. N 
f 

1 
124 


30 A preliminary Diſcourſe. 

in Appearance very different, viz. That every 
Quantity confiſts of an infinite Number of Parts, 
and that the Quantity itſelf is equal to the Sum 
total of thoſe Parts. Accordingly, I have ob- 
ſerved, ſome of the Germans have called that 
Part of the Method, which relates to the find- 

ing the Magnitude cf a Quantity, Summatio 


and Integratio, as being a ſumming up of 


thoſe little Parts to find the whole. This 
Principle, however true it may be, ſeems but 
precarious Bottom, or Foundation; becauſe 


one can form no Idea of a Quantity infinitely 


little: But the Point lies here; ſuch infinitely 


little Quantity, as they conceive of it, may be 


expreſſed ; and the Expreſſion is all in all with 


a Mathematician. In order therefore to give 


a clear Idea of the Method taken in this View, 
I ſhall ſhew how it is they conceive of an in- 
finitely ſmall Quantity; how they expreſs it; 
and how the Magnitude of Ini gy; be 


_ diſcovered by them. 


XIX. An infinitely ſmall Quantity then, as 
they conceive of it, is not any random inde- 


terminate Point, or uncertain Fragment of a 


Quantity, either phyſical or mathematical; 


but ſuch Part only, as the Quantity, if it were 


to increaſe after any regular Manner, might 
ain thereby! in each infinitely ſmall Portion of 
ime; or, which is the ſame Thing, ſuch 


| Part as the Quantity might 0 in ſuch infinite- 
ip ſmall Time,” were It to. Wee" hat or Ex- 


ample : EW: 6; 
In 
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Let AB, the Baſe, of the Figure ACB 
(Fig. 7.) be ſuppoſed to be divided into an 
infinite Number of infinitely ſhort Lines, as 
AD, DE, EF, &c. and from the Extremi- 
ty of each, let Lines, as DR, ES, Ce. be 
ſoppoſec to to be drawn parallel to each other: 
Let alſo the Figure or Area AC B be ſuppo- 
ſed to ariſe out of the Point A, and to increaſe 
continually, gaining in the ft infinitely. ſmall 
Portiqn of Time, the Area of ADR; in the 
next, the Area DESR; in the next, EFTS, 
and fo on : Then will theſe Areas ADR, 
DESR, &c. be the infinitely. little Parts, of 
this Figure. Or, the Area of the ſame Fi- 
gure may be ſuppoſed to ariſe out of the Line 
AP, ſee Fig. 8. and to increaſe continually, 


ſo as to gain in the firſt Portion of Time, the 


infinitely little Area APS; in the next, SPT; 
then TP V, &c. then will thoſe infinitely 


little Spaces be the infinitely little Parts of the 
Figure. Obſerve therefore, that as, accord- 


ing to the former Conception of this Method, 


the ſame Figure, or Quantity, may be confi- 
dered as increaſing under different Regulations, 


as explained above; ſo.may the ſame Figure 


have its infinitely little Parts very different. 


They reſpect the Manner in which the Figure 


is, or might be, ſuppoſed to increaſe, as well 


as the Form of it. The Figure is not ſuppo- 
| ſed to be rent, as I obſerved aboye, into infi- 


nitely ſmall Pieces in an arbitrary Manner; 
but divided into ſuch regular and determinate 


Parts, 
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and FT are alſo preci 
different they muſt be finitely dittant from 
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Parts, as it may 'be ſuppoſed to be ever gain- 


ing while it r or loſing while it de- 


om under any fixed and Nated Regula- 
| Hence it => that, though no one has 


an 1 Idea of theſe infinitely Tittle Quan- 


tities, yet the Mathematicians know. preciſely, 
and moſt determinately, both how to expreſs, 
and how to treat them. Hence no Confu- 


fion ever ariſes from their Uſe. 


RX. The Lines DE, EF, FG, &c. Fig. | 
being ſuppoſed infinitely ſmall, the Lines 4 
and-E'S are, in Conſequence of that Suppoſi- 


tion, to be deemed preciſely equal to each 


other; and therefore to find an Expreſſion for 


the infinitely ſmall Area DRSE, if DR, ES, 
Ge. be all perpendicular to the Baſe, which 


we will at preſent ſuppoſe, multipi either 
DR, or ES, by DE, and the Produc ari- 


fing therefrom ſhalt be the Expreflion for that 
Area. Again, E F 852 infinitel little, ES 
ely equal; tor to be 


each-other, nich is not ebnen with the 


Suppoſition that E F is infinitely ſhort ; and 


therefore either ES or FT multiplied by EF 


will be an Expreffion for the infinitely ſmall 
Space E S T F, and fo on. If therefore you 


ſuppoſe all theſe infinitely ſmall Diſtances 


DE, EF, FG, &c. equal to one another, and 
denominate any one of them by ſome alge- 


braic Character, as x; and then, from the 


hen ah of the Figure, raiſe a general Theorem 


that 


culars DR, or ES, Sc. as was before di- 
rected for finding the general Value of PM, in 
Fig. 3 and 4. and then multiply that Theo- 
rem by x, you have then a general Expreſſi- 
on for any one of thoſe infinitely little Parts 
DRSE, ES TF, Ec. of which the Figure 


conſiſts, or into which it is divided. But it 


is evident, that by this means, pop you 
make uſe of the ſame Characters for the Quan- 
tities concerned, you ſhall obtain the very 


fame Expreſſion, as when, in order to find 


the Fluxion of the Area, we multiplied the 
general Value of PM, in Fig. 3 or 4. by 


Dot x. The very ſame Expreſſion therefore 


which, according to the one Conception of 


the Method, denotes the Fluxion of the Fi- 


gure, in the other denotes the Magnitude of 
any one of thoſe infinitely little Parts into 
which it is divided. So, in like manner, the 
Expreſſion for any one of thoſe infinitely little 
Spaces APS, SPT, Sc. of which the Area 
ABC, in Fig. 8. is, according to this Con- 


ception, ſuppoſed to conſiſt, will be found to 


be the very fame, (provided the fame Cha- 


rafters be made uſe of in the Computation) 


that the Fluxion of that Area would be, ac- 
cording to the other. C3098 7 04 ev. 


XXI. But how ſhall we be able to caft up 


the Sum total of all thoſe infinitely little Quan- 
tities, to find the Magnitude of the Area they 
compoſe ? The Way is thus: To find another 


D 
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that ſhall expreſs any one of theſe Perpendi- - 
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Quantity ſuch, that When one of its Terms; 
Members or Parts ſhall be equal to the Baſe of 
the Figure, and conſequently may be ſuppo- 
ſed to contain the ſame infinitely little, Parts 
with that Baſe, ſhall itſelf contain the fame 
infinitely little Parts with the Area; By which 
js meant no more, than finding ſuch a Quan- 
tity, that its infinitely little Parts ſhall be ex- 
preſſible in the ſame Manner with thoſe of the 
Nh ; for that Quantity ſhall be equal to the 
Area cotreſponding to that Baſe z and we ſhall 
then have the Sum total of all thoſe infinitely 
little Parts of which the Area canfifts. aftually 
expteſſed in that Quantity. The finding ſuch 
Quantity anſwers to finding the Fluent from 
the Fluxion, according to the other Concep- 
| tion of the Method ; and is to be performed 
preciſely in the ſame Manner. But it is al- 
ways to be underſtogd, that, if it ſhall bap- 
pen, that ſuch Quantity ſhall be found to 
contain any finite Parts over and above, or be- 
ſides its infinitely ſmall ones, more than the 
unknown Quantity does beſides thoſe infinite- 
ly ſmall ones which appertain to it, then ſach 
finite Parts in both ſhall be done away, or at 
leaſt rendered equal in both, by deducting. 
This anſwers to correcting the Fluent in the 
other Way, and is performed in the ſame 
„ % ic; 90d) Is io woman 2 
It appears therefore that, properly ſpeaking, 
there is no Summalio or ſutming vp. in the 
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Caſe: That is only a figurative Way of ſpeak- 
ing, for the finding an Expreflion for a Quan- 
tity from the Expreffign for one of its infinite- 
ly little Parts. One Might as ſoon count the 
Sands upon the Sea Shote, as caſt up an infi- 
nite Series of Quantities, each of which is in- 
finitely ſmall, in the ſtriet and literal Senſe of 
the Word, Samming ß. 
XXII. But there is one Circumſtance more, 

_ refative to theſe infinitely little Quantities, 
Which it may not be amis to take Notice of 
Bere, left our Idea of them ſhould be too nar- 
row and contracted; which is this, vis. that 
the Suppofition that Quantities are infinitely 
ſtmall, does by no means imply any Equality 

5 among them. For, as in the other Conce 

tion, a Quantity may be ſuppoſed to increaſe 

4 faſter or flowery ſo in this, a Quantity may 14 
be conſidered as every Inſtant of Time gain- 105 
ing more or leſs: But what an increaſing 
Quantity is gaining in each Inſtant of Time, 
are the very Things they mean by its infinitely 
ſmall Parts; there is therefore an abſolute 
Neceffity that ſuch Quantities ſhould be con- 
ſidered; as different one from another: They 
would otherwife be very incompetent Mea- 
ſures or Reprefetitatives of the unequal Rates 
Quantities may be ſuppoſed to increaſe at. 1 
juft mention this, that the Reader may not 
be ſurpriſed, when he finds them halved and 
quarteted, iultiplied and divided, and, in 

hort, treated as —_ to all the Rules both 
— D 2 of 
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of Arithmetic and Geometry y. How this 
comes to be conſiſtent with their being infi- 


nitely ſmall, 1 ſhall 2 * er more particularly 
towards the End of this, 'Diſcourle, where I 


ſhall endeavour to unravel ſome of thoſe Diffi- 


culties, this Method has been charged . 


on Account of ſuch Quantities. 


XXIII. It would be needleſs to explain or 


open the Method any farther, as to this Con- 


ception of it, it * evidently the ſame with, 


| the other: For if inſtead, of Dot 2, Dot y, 


Dot x, &c. we put dz, dy, dx, &c. and uſe 
the ſame other Characters or Symbols a Leib- 
nitzian would do, we ſhall fall into the very 
ſame Expreſſions; and Expreſſions are what 
we work with, and what we want. The 


Difference between them conſiſts only in this, 
that in the one we proceed by the Rates, Ve- 


locities, or Degrees of Quickneſs where with 
Quantities increaſe ; in the other, by what 


they are ever gaining thereby : Which two 


Things, being ever proportionable to each 
other, admit of one common Meaſure or Ex- 
preſſion. Hence it is, that we naturally fall 
into the ſame Manner of Expreſſing in both; 
and hence it is, that both Methods do in 
Practice coincide and make one. 
XXIV. Theſe infinitely little Quantities : are 
ſometimes conſidered as zndefinitely ſmall only ; 
ſometimes as /eſ5 than any that can be given; 
but what is meant by them under theſe, or 


8 like palliating APR: is ſtill the 


152 ſame 
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ſame in all Reſpects whatever. The Fo- 
reigners call them Differences, as being ſup- 
poſed to be the Difference between any Quan- 
tity, and the ſame Quantity increaſed or di- 
miniſhed an infinitely ' little. Hence it is, 


that they diſtinguiſh the Fluxion, or Diffe- 


rence of any Term, by the Letter d, as ob- 
ſerved above, prefixed before it. Hence alſo 
this Method is called by them Calculus diffe- 


rentialis, the Differential Method. But this 
muſt not be confounded with another Die- 


renttal Method, commonly called Sir Jſaac 
Newton's ; he being alſo the Inventor of that. 


It's a Method of drawing geometrical Curves 
through a Namber of given Points, and is of 
great Uſe in Aſtronomical Purpoſes ; ; but QUE 
of another Kind from this. 8 
XXV. Sir Iſaac Newton delireret the Mes 


thod of Fluxions according to both Concep- 


tions of it, and frequently himſelf makes uſe 
of the latter; which is indeed, in many In- 


ſtances, more convenient than the other bes 
cauſe what a Quantity gains by increaſing, ob- 


trudes itſelf upon the Mind ſooner and more 


naturally than the Rate it increaſes at, does: 
What they call a Difference, is by him called 
an Increment, if the Quantity be increaſing 3 


and a Decrement, if it be decreaſing: By. 


which two Names, Increment and Decrement, 
is to be underſtood N the ſame Thing; 
they are accordingly by hin Eb by one 
common Name, omonts. © n 
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XXVI. In the Joftances J have already 
given of the Application of this Doctrine, both 
the direct and inverſe Methods are to be made 
uſe of; the Direct, in finding the Fluxion of 
2 Quantity; the Inverſe, in finding the Value 
of that Quantity from its Fluxion. But there 
are many other Uſes of this Doctrine, ſome of 
which 1 ſhall, now proceed to explain, in 
Which the direct Method is alone ſufficient; 
and conſequently in which none of thoſe Dif- 


ing of Fluents, either by the Rules of this Me- 
thod, or by the Tables above - mentioned, can 
occur, there being no Fluent in theſe. Caſes 
concerned, but what is already known and 
expreſſed. The Method of drawing Tan- 
gehts, that is, of finding the Pofition of a 
Fangen to a curve Line, is of this Sort. 
XXVII. The Principle on which the Me- 
thad of doing this is founded, will be beſt ex- 
plained by a Figure, While the Line PN, 
in Fig. 3 ot g. moves forward, deſcribing the 
Area AR B in the manner above-mentioned, 
by its lengthening, or ſhortening, as the Na- 
ture of the Figure requires; its Extremity M 
traces out the Cyrve AMR; and, by ſo do- 
ing, necaſſarily points out the Foſition or Si- 
tuation off a Tangent to each Point, of the 
Curve, as it paſſes through that Point, Thus, 
let A RC in Fig. g. repreſent a Semicircle de- 
ſcribed by the Motion af NM: Wen Ede 
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at QR, its Extremity R, by tracing out the 
Curve at R, marks out the DireQion of a Tan- 
gent, as T R, to that Point; becauſe the Tan- 


it touches it, lie both in the ſame Direction. 
When PM is paſſing over the Center at O, 
PM, now OB, neither lengthens, nor fhor- 
tens, and its Extremity M is at that Inſtant 


moving along a Tangent, as HX, to that Point 
B, and by neither 


Diameter A C, nor departing from it, implies 
that that Tangent is parallel to the Diatheter 


AC. When PM is come to DE; it decreaſes, 


and its Extremity, by tracing out the Curve 
at E, does at — Ame Time mark out the 
Poſition of the Line EV, a Tangent to that 
point. Thus there is a manifeſt Relation be. 
tween the Velocity the Perpendicular PM in. 
ereaſes or — with, as it moves along, at 


every Point of the Curve, and the Poſition of 
a Tangent to the Cut ve at that Point. Which 


Relation is the Principle on which the Method 
of finding the Poſition of a Tangent to any 
Point of a Curve, in hg fuxionmy Wynn 
founded. 

To der how this is dene let it be ai 


deved! that, while the Line PM moves fors 


wards, its Extremity M, which defcribes the 
Curve, is carried 


Time, in every except at the Point B. 
where that Line neither le 5 not (hot- 


tons;  Suppole, r PM no come 


D 4 t 


gent TR and the Curve at the Point N, where 


approaching towards the 


two Motions at the ſane 
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to QR; then is the Point M, or R, carried 


by two Motions at the ſame Time, viz. one 
towards 8, in the Line QR produced, by the 
lengthening of that Line ; and another towards 
N, in a Direction parallel to QO, by the 


Motion of the Line QR towards OB. Re- 
preſent therefore, and. ſet off the Velocity you 


ſuppoſe QR to move with, by a Line as RN 
ane to QO; and compute the Velocity the 


Line PM ſhall lengthen with, that is, com- 


pute the Fluxion of the Line PM the Inſtant 


it comes to QR, which is readily done by the 
Rules of the Direct Method of Fluxions; ſet 
this off by a Line, as R 8, and compleat the 


Parallelogram SN, and draw the Diagonal 


ZR: Then, becauſe the Point R is — 
forwards by a Motion, as RN; and is at the 
ſame Time carried towards S with the Veloci- 


ty RS, it is obvious, that, according to the 


well known Rules of Compoſition of Motion, 


the Point R is at this Inſtant moving in the 
Direction R Z, the Diagonal of that Parallelo- 


gram SN; Z R is therefore a Tangent to the 
Curve at the. Point R. Produce ZR till it 


meets the Diameter CA produced alſo in ſome 
Point, as T: Then will the Triangles ZNR 


and RQT be ſimilar, the Sides of the one 
being reſpectively parallel to thoſe of the other; 
ſay therefore, as 8 R or ZN, the computed 


5 the Perpendicular QR increaſes at, is to 


| NR, the aſſumed Or ſuppoſed Rate it moves 
| forwards with, ſo is WW to a fourth Term 


\.- 3 ; * Fa ; which 
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AF 


which will de QT, the Diſtance from Q, 


where a Tangent to the Point R muſt cut the 
Diameter CA, produced, if need be, beyond 


the Point A. Thus we have a "genera and 
ready Method of drawing Tangents to curve 


Lines: Which is of great Uſe ! in Mathems 


tics. e * 
XXVIII. The blowing is Ade Inſtance 


| where the direct Method is alone ſufficient. 


It relates to what is called in Geometry the 
determining the Maxima and Minima; 
which is meant the diſcovering how large a 
Quantity muſt be taken, that another Quan- 
tity depending upon it ſhall be of the largeſt 
or leaſt poſſible Magnitude; than which there 
is ſcarcely any Part of Geometry more N 
or entertaining. In order to underſtand it, 1 


is to be obſerved, that there ate ſome Wnt: 


ties of ſuch ſort, that when the flowing or 
variable Term therein ſhall” .continually in- 
_ creaſe, the Quantities themſelves ſhall not do 
ſo too, but ſhall firſt increaſe, and then de- 
creaſe; as was hinted before: And there are 


others of ſuch Kind, that while the flowing 
Term continues to increaſe, they ſhall firſt 
decreaſe, and then increaſe. Now this Doe- 


trine teaches in what State, that is, how great 


or how ſmall the variable Term in ſuch Quan- 
 tities is to be taken, that the Quantities them- 


ſelves may be the largeſt poſſible in one Caſe; or 


the leaſt poſſible in Ned other. For, as the 
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manifeſt there will be a Timo when they ſhall 
be the greateſt of all; and as the other firſt 
decreaſe, and afterwards increaſe, there will 


be a Time when they ſhall be the leaſt of all; 


Thus, à Quantity, as ax — &, is of this 
Kind ; for if you ſuppoſe the Term à in this 
Quantity conſtant, and x variable, and take 
& * a and larger continually, you will find 
that Quantity ax * ſhall gro larger and 
larger for a Time, and after that, it ſhall grow 
os and leſs, till it vanifhes or decomes equal | 
to Nothing. Now by this Branch of the 

flaxionary Method; it is diſcoverable how 

large — 4 variable Term in ſuch Qdantities is 

— talcen, that the Quantities themſelves 
may be as large as poſſib 
they fiaſt decreaſe and then increaſe, how 
en oc is to be taken, that they may be 
the leaſt of all; This is done by putting the 
Quantity into Fluxions, that is, ' finding, by 
the Rules of the dinect Method, the Flaxion 
of the Quantity, and making it equal to No- 
ihing; on this Principle, w. that the In- 
ſtant a Quantity is at the laigeſt, or at the 


| leaſt, it neither increaſes nor decreaſes, hut is, 


the Furn, and — not at 


ag it were, 


all. In the Inſtance before us, the Pluxion 
of the Quan 


tityax — x, (ſuppoſing x to flow 
at the Rate ) will be found by the Roles 
above-mentioned; do be av — 2%; making 
therefore. this Exprefiion equal to Nothing's 
that is, making-it ane Side: of an Equation, 
ng he other (thus ax— 2xx=0) 
implies 


le; and in Caſes where 5 


A A preliminary Diſcourſe, 43 
implies, that though x continues to increaſe 
ob, at the Game Rate &, yet a — 24 A the 
Fluxion of the Quantity a -x is Nothing, 


or that the Quantity itſelf is ag a Stand; and 
conſequently, that it is as large as e, 
and beginning to decreaſe; or that it is- 48 


fall as poſſible, and beginning to in- 


creaſe. Then, by reducing that Equation 


stande. ar * 25.2 αν in the 


uſual Manner, we fhall 15 ==71, which 


ſhews, that the Qu uantit ur AA is nic 
t is e Whnk 


the largeſt, or the Nad IN 
£49 L124 V7 
 is-equal 10 or lb 0; ad that is is then 


, 1 4s WE 7 1 4 wy 111 


the Jargeſt of all, may « >afll bet tried, by put- 
ting it into- Numbers, and Me fexccal 
different Val ues ſucceſſively,” 


XXIX. This Method we can app to Me⸗ 


chanics, and diſcover thereby i in what Cic- 
cumſtances a, given Cauſe wilt produce the 
orcateſt Effect; or how the Parts of a Ma- 
Se ought to be adjuſted and proportioned, 
that it may perform the moſt Work in a given 
Time; or, which is a Conſequence thereof, 


pence: A Part of Science, not only extrems+ 
I cutious in itſelf; and a great Addition, but 


even an Ornament to Mechanics; and: with- 
that Subject can be 


out vchich ne Treatiſe-on 
compleat, For an Inſtance of this, the En- 
eine fr raiſing Water by Fire being the 


_ given Quantity of Work: with. the leaſt-Exx- 
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grandeſt, and of the moſt Importance of any 


we have, and the Proceſs being extremely 
eaſy; I will juſt ſnew how the principal Parts 


of that Machine ought to be proportioned; 


that its Effect in Wrede 1 be the 


greateſt, -- i gala 
preſent the great 


nge turning on 


Beam, or Lever, in n 


f Center B: Letp tepteſent the Weight of the 


tmoſphere, or Air, preſſing upon the Piſton 


| fr che Cylinder, and x the Weight of a Co- 


lumn, of Water to be raiſed at, one Stroke: 


Then the Exceſs of p above æ&, that is, Þ—x, 


will expreſs the Power p has to move the 
Machine, or to raiſe; that Column of Water; 


that 2 by p+x (the Air and Water to 
| 1181 f 9214112 5 


een which, will be as the 
FP: 


pb? 


Wtilch, in the: Eke of Fe. Machine may. 
| be the greateſt; muſt be a Maximum. Imas 


gine it to flow: Its Fluxion will be found, 


by the Rules of the direct Method, to be 
Ppt ee Po en 
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making which equal to Nothing, we have” 
r pv 


0. 
„ ie 

Which, multiplying all by p +> 2 and divi- 

ding by x, preſently reduces itſelf to pp—. 

2ÞX—xX=0, or xXx + 2þx==fþþ, a com- 

mon quadratic Equation, . whoſe two Roots. 


will be found to be + V2 x p—Þ, the larger, 
of which: is +4/2Xp p, that is, o, 45 
nearly, If therefore, e of Friction, 
and ſome other Conſiderations of ſmall Impor- 
tance, Matters be ſo ordered, that the Weight 
of Water in the Pumps be four tenths of that 
| of the Air upon the Piſton in the Cylinder, 
Þ- that Machine will perform the greateſt Work 
in a given Time, or the fame Work with the 
leaſt Fewel, Machinery, ang Attendance. 


XXX. T bs Fluxions we hi hitherto * 
conſidering, viz. the Velocities Quantities in- 
creaſe or decreaſe with, are called firſt Fluxions ;, 
beſides which there are others, which are 
called, ſecond, third, fourth, fifth, &c. Fluxi- 
ons, even to Infinity; of which J muſt now 
give ſome Account. A ſecond Fluxion then is 
not the Rate at which a Quantity increaſes, 
but the Change or Alteration that Rate of In- 
creaſe may undergo: It does not, as the firſt, 
reſpect the Quantily, but the Manner of In- 
creaſe or Decreaſe : It is not the Rate of In- 
chase ſubſequent to the Change, but tha, 


Change 


—_ — | _ 
ä ——— ů — — n „0 or WS * 8 


Circumſtance of changing its Rate of inerea - 
ſing, is the /econd Furien of that Quantity. 


cC—teaſe of the Baſe in this Suppoſition; beeuuſe 
we ſuppoſe it to flow with an even Pace; the 
Baſe therefore has no ſecond Fluxion, but the 
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Change itſelf: The Rate of Increaſe ſubſe. 


quent to the Change, is a firſt Flaxion, mY 


welt as that which went before it, only larger 
ro leſs than the firſt, as the Caſe may happen: 


The ſecond Pluxion fabfifts wholly in the 


Change itſelf, and is greater or leſs according 
as the Change is greater or lefß. Accordingly 


when a Quantity increaſes with an uniform or 
even Pace, there is no ſecond Fluxion of that 
Quantity. Its Rate of Increaſe” is its firſt 
Fluxion; and as that Increaſe is continued on 
without Chan 
ſecond Fluxion of that Quantity. But if the 


ge or Interruption, there is no 


Quantity increafes with an ane ven Pace; if it 


changes its Nate of increaſing from flower to 


quicker; or from quicker to flower, that ſingle 


The following Inſtance will make this plainer. 


Let ABC; in Fig. gy be a Semieirele, whoſe 
Center is O; and let the Baſe AP flow or in- 


creaſe uniformly z then, as is evident, the 


Perpendicular PM, moving along with the 


Point P, will increafe ſlower and flower all 


the Way, till it comes to OB, where it will 
not increaſe at all. This 1 


mplies a continual 
Alteration of its Rate of Increaſe; ' There is 
no Change or Alteration im the Rate of In. 


Perpendicular PM has both firſt and ſont 


| the Tangent T Z would be. deſcribed 
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all the Way; for it is always — and 
always changing its Rate of The 


like is to be faid of it in its Paſſage through 


the remaining Half of the Figure, except that 


it decreaſes there, as it increaſed here, 
Let AMB, in Fig. 9. repreſent a Portion 
f any Curve, and ſuppoſe that the deſcribing 
Line PM. when came to Q R, ſhould from 
that Time continue to lengthen, as it moves 
along, at the lame Rate it — there; then, 
as is moſt obvious, its Extremity R would 


Portion of the Curve, but R Z, a Portion of 


That its Extremity therefore may depart from 


the Tangent at R, in order to continue in the 


Curve RD, and to move along that, the Per- 

pendicular Q muſt neceflarily 
Rate of. Increaſe it- had at R ; which Altera- 
tion or Abatement is its ſecond: Fluxion there. 
The firſt Fluxion of the Perpendicular ſhews 


or determines. the Sitnation "of the Tangent 
T2, as was explained before; the ſecond 
Fluxion of the ſame, ſhews how far the Arch 


deviates, from the T 
Contact. 80 that the Curvature os Bending 
of the Figure at every Point thereof, depends 


culay at that Foint. 


XXXI. On this principle i is ; founded a ; moſt 


curious and ready Method of finding the exact 
n a Curve has at any Point of it: For, 


oF it 


continue in the Tangent RZ, and not RD, a 


by it: 


abate of the 


angent at the Point of 
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it is only finding a Circle of ſuch Radius, 
that its Ordinate, that is, the Perpendicular 
P M, ſo often mentioned, ſhall have its ſecond 
Fluxion equal to the ſecond Fluxion of the 
Ordinate of the Curve at that Point, when the 
firſt Fluxions of the Baſe and Ordinate are the 
ſame in each Figure; for then the Circle will 
have the ſame Degree of Deviation or De- 
parture from its Tangent, that the Curve has 
at that Point; that is, it will be equally crook- 
ed with it tbere. A Problem of ſingular Uſe 
in the higher Geometry. For then that Curve 
may be conſidered, as to that Point of it, as if 
it were a Circle of ſuch Radius; and may in 
all Reſpects be treated accordingly. Inſtances 
of, which we ſhall have afterwards. | | 
XXXII. As a ſecond Fluxion is the Change 
or Alteration in the Velocity a Quantity in- 
cCreaſes or decreaſes with, that is, in the firſt. 
Fluxion of that Quantity ; ; ſo a Third Fluxion 
is the Change or Alteration in the ſecond ; and 
a Fourth Fluxion is the Change or Alteration 
in the third; and ſo on, ad infinitum. Se- 
cond, third and fourth, Cc. Fluxions there- 
fore, and all the ſubſequent Orders of them, 
may be ſaid to be the Changes and Sub- 
chang es which the Rates Quantities increaſe 
or decreaſe at, may undergo. The Characters 


| they are generally rag xt, in the News 


tonian Way are, x, XX, X, Ge. in kae Tr 
en dd, dddæx, dex, &c. . I ſhall ſay 
1. notbing 
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nothing more of them in this Place; but, pre- 
ſaming the Reader has now a tolerable Notion 
of what is meant by the Method of Fluxions, 
which is as much as was intended by this pre. 
liminary Diſcourſe, ſhall proceed to eonfider 
the Uſefulneſs, or rather the Neeceffity of that 
Method in the Buſineſs of Natural Philoſophy, 
to which I ſhall ſubjoin a ſhort Account of 
the Controverſy — to in the Title: 
_ Which will ra th conduce towards render. 
Ing his Conception of the Nature of this Doc- 
trine ſtill more clear and expreſs, 


XXXIII. I obſerved. at the Heginning of 
this Diſcourſe, that, in Conſequence of that 
Facility and Readineſs wherewith curvilineas 
Figures are treated by this Method, a large 
Field for Diſcoveries and Improvements in 
Natural Philoſophy was laid open: I ſhall 
now explain myſelf on that Head, by laying 
| before the Reader an Example or two to ſhew, 
how the Conſideration of ſuch Figures, par- 
tieularly their Areas, conduees 1Wards ſome 
of the moſt Important Diſcoveries in that 


Science. 
Nruron, 


Ie is demonſtrated by Sir Iſaae 
(Principia Mathematica, Lib. 1. Prop. 30.) 
that if a Body, as A, (ſee Fig. 1 1.) be attract- 
ed towards a diſtant Point C, with the ſame 
ot with different Degrees of Foree at different 
Diſtances from C; and the Body be ſuppoſed = 

d move freely towards C, foldly by theſe At- 

6 E trations, 


6 abe Diſcourſe. 


tractions, and the Degree of, Forge it is at- 
trated with when at A, be fepreſented and 
ſet off at A by the Perpendicular A B; and 
the Force — Body ſhall be attracted with 
When it comes to D, be repreſented and ſet 
off by the Perpendicular, D H; (that is, if 
DH be drawn ſo many times longer or 


pe” ſhorter than AB, as the Force of Attraction at 


D is greater or leſs than the Force that acted 
at, A;) and in like manner, if the ſeveral 


Degrees of Force that act at the ſeveral Points 


E, Þ and G, &c. be repreſented and ſet off by 
the Perpendiculars EI, FK, GL, &c. and the 
Line BHIKL be drawn through the Extre- 
mities of thoſe Perpendiculars, as repreſented 
in the Figure 3. then. the Velocity the Body A 
ſhall have, when it comes to.D, ſhall be to its 
Velocity at any other Point, as F, as the 
ſquare Root of the Area A DH B to the ſquare 
Root of the Area AFK B; and ſo for any 


other Places in the Line AC. He demon- 


ſtrates alſo, in the ſame Propoſition, that if 


the Perpendiculars D M. E N, FO, Ge. 


ere taken reciprocally proportionable to. the 
Velocity the Body ſhall be found to have at 


the ſeveral Points D, E, F, &c. and be ſet off 
at thoſe Points, as in the Figure, and the 
Line AM NO were drawn through the Ex- 
_ . tremities of them, the Area ADM would be 
to the Area AEN, as the Time the Body 
| would take up in coming to D. to the Time 
dial take up in coming 10 E; and the ue 


} 
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for any other Places in the Line AC. If 
therefore the attracting Powers at all Diſtances 


from the Point C, and the Velocity with 


which the Body A, when moved by theſe 
Forces only, ſhall come to any one Point, as 


D, be known ; then the Velocity it ſhall have, 


when it comes to any other Point between A 
and C, may be determined by this Propoſition: J 


And if the Time the Body ſhall take up in 


coming to any one Place as D, be known, the 


Time in which it ſhall come to any other 
Place between A and C, may be found from 
hence. A fundamental Propoſition this in 
Natural Philoſophy, and which paves the 
Way to ſome of the greateſt Diſcoveries in 


that Science. But unleſs. thoſe curvilinear 


Areas AGLB, and AGP, or any Part of 
them, could be meaſured, this Propoſition would 
be inſignificant. This: is the Reaſon Sir Iſaac 
Newton, in laying down this Propoſition and 
many other in his Principia, uſes theſe Words, 
Conceſſis figurarum curvilinearum quadraturis , 
that is, allowing that curvilinear Figures can 
be meaſured. Hence we ſee the Uſe of the 
Menſuration, or Quadrature, as they term it, 


of Areas bounded. by curve Lines; and con- 


ſequently the great Expediency ot the Fluxio- - 


nary Method ; becauſe by it thoſe Arcas are 
fo readily meaſured, 

Again, when that great Author is laying 
down Rules for eſtimating the Powers where- 
with Bodies attract one another, he ſhews in 

E 2 the 
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the goth Propoſition of the firſt Book of his 
Principia, that if a Particle of Matter, as P, 
in Fig. 12. be attracted towards a circular 
Plane, as DCB, by each Particle in that 
Plane, all the Particles thereof having the 
ſame or equal Degrees of Attraction; and 4 : 
Particle P be ſituated in a Line AP, 
pendicular to the Plane, and paſſing dbb | 
its Center at A; and if PH be taken equal to 
PD, and the Force wherewith the Particle P 
is attracted towards A by the Point D, be 
computed and ſet off at H by the Perpendicu- 
lar HI; and PF be made equal to PE, and 
the Force the Particle P is attracted with to- 
wards. A by the Point E be computed alſo, 
and ſet off at F, by the Perpendicular PK; 


and in like manner, if a Perpendicular be ſet 


off upon the Line A H, repreſenting the Force 
with which the Particle P is attracted towards 
A by each Point in the whole Semidiameter 
DA; and the Line IK L be drawn through 
the Extremities of all the Perpendiculars, and 
the whole Area AHIL be multiplied by the 
Diſtance AP, the Product that ſhall ariſe from 
that Multiplication, will expreſs the united 
Force where with all the Particles in the whole 
circular Plane DC B, ſhall attract the Particle 
P towards A the Center of the Plane. 
| Theſe are Inſtances how ſuch curvilinear 
Areas become ſubſervient to the Purpoſes of 
Natural Philoſophy ; and point out the 2 * 
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of the fluxionary Method by which their 
Magnitudes are to be determined. 
XXXIV. In this Manner Natural Philoſo. 
phers repreſent the Quantities they would con- 
fider, as the Powers that ſhall act upon Bodies 
in ſuch and ſuch Circumſtances, the 8 
they ſhall move over in Conſequence thereof 
in certain Times ; the Velocities they ſhall at 
any Time move w. ith; the Times 2 ſhall 
take up in moving, 65G in general all Bros of 


| Cauſes and Effects, by geometrical Quantities, 
as Lines, Angles, Areas, &c. and then the 


finding the Values of thoſe geometrical 
tities, ſhews how great thoſe Spaces, 
zuick thoſe Velocities, how 7 thoſe 


pot 


auſes, &c. are, Hence it is that Geometry 


is ſo ee uſeful in the Buſineſs of Na- 


tural Philoſophy, and in particular the Method 
of Fluxions, which, if I may ſo ſay, renders 
that Geometry free and unconfined, extending 7 


it to Figures of all Sorts. _ 

1 ſhall, in the Courſe of this Work, I 
mean in the Treatife for which this prelimie 
nary Diſcourſe is intended, ſhew particularly 


9 the Magnitude of the above-mentioned 


Areas, and many other in the Principia, are 
to be found by the Method of Fluxions; 
= do propoſe to conſider and explain ſeve- 


ral of the more remarkable Propoſitions in that 


Treatiſe, as alſo ſome of thoſe of other Au- 
thors; for which Purpoſe I ſhall make them 
Examples to * Rules, as I £9 along, and 

E 3 take 
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take that Occaſion to enlarge upon, and to il. 
luſtrate them. 


| XXXV. The Doctrine of Flaxions, mY ; 
be before, was uſhered into the World 


by two very great Perſons, Sir Jaac Newton, 
and Leibnitæ a learned Mathemätieian abroad. 


But the latter is generally thought to have re- 


ceived ſome Hints of it from the former. 
They each explained it a different Way. Each 


of them had their Followers; who, for the 


moſt part, adhered to the Method delivered 
by their reſpedlive Maſter. The Engliſh Ma- 
thematicians conſidered it, as delivered by Sir 


Taac ; moſt of the Foreigners, as ſet forth by 


Leibnitz. However, this Doctrine, as de- 
livered and explained by them, was thought 


by ſome to be founded on Prineiples that were 
obſcure; and even to fall ſhort of Geometri- 


cal Rigour, that great Ornament of the ma- 


thematical Sciences. The firſt Perſon that 
objected to it publicly, was the late learned 
Dr. Berkley Biſhop of Cloyne, in a Pamphlet 


he calls the Analyſt; wherein he endeavours 


to ſhew the Doctrine of Fluxions, as treated 
by the above-mentioned Authors and their. 


Followers, to be both obſcure and unſcientifical. 
This Pamphlet, 'coming from a Perſon of 
great Abilities, rouſed the Mathematicians, 
ſome of whom: attempted to defend it, as de- 


livered by Sir 1/aac. Others declined enter- 
ing the Combat ; but aca: to treat it 


in 


„ 


ciples of their Methods, is as follows. 
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in a Manner leſs exceptionable; particularly 


the late Mr. Robins; as alſo that profound Ma- 
thematician the kite” Mac Laurin, Profeſſor of 


Geometry at Edinburgh, which latter has 


eſtabliſhed the Rules wi it, agreeably to the 


Rigour of the ancient Geometry, by Demon- 
ſtrations of the ſtricteſt Form. But no Body, 
that I know of, has explained it in fo caſy 


and familiar a Way as I'apprehend the aber 


capable of. For this Reaſon, and for the ſake, 
as I hinted juſt now, of explaining ſome of 


the-more illuſtrious Propoſitions in the Prin- 


cipia, and in other Books, in my 'own Way, it 
is, that I unsere that Part of the T 3 


The Wager in which the two tent Au: 
hrs aovecanicatiohed laid down the Prin- 
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SIR Jaac Newton has compriſed the 
ä Soo of his Method in one Lemma, 
ws. the ſecond of the ſecond Book of his 
Principia. In explaining which, he has theſe 
Words : © Has Quantitates [Quantitates ſei⸗ 
flicet Arithmeticas et Geometricas] ut inde- 
© terminatas et inſtabiles, et quaſi motu fluxu- 
ve perpetuo creſcentes vel decreſcentes, hie 
« confidero ; et earum incrementa vel decre- 
menta momentanea ſub nomine momento- 
rum intelligo: Ita ut incrementa pro mo- 
„ mentis addititiis ſeu affirmativis, ac decre- 
* menta pro ſubductitiis ſeu negativis habe- 
* antur. Cave tamen intellexeris particulas 
finitas. Particulæ finitæ non ſunt momenta, 
* fed quantitates ipſe ex momentis genitæ: 
* Intelligenda funt Principia jamjam naſcentia 
e finitarum magnitudinum. Neque enim 
« ſpectatur in hoc Lemmate magnitudo mo- 
* mentorum, ſed prima naſcentium propor- 
© tio. Eodem recidit, ſi loco momentorum 
4 uſurpentur vel velocitates incrementorum ac 
1 decrementorum (quas etiam motus, muta- 
« tiones et fluxiones quantitatum nominare 
« licet) vel finite qumvis quantitates velocita- 
_ « tibus hiſce proportionales. As much as 
to ſay, This Sort of Quantities, [viz. Arith- 
© metical and Geometrical ones] I conſider 
« as variable and indeterminate, always in- 
te creaſing or decreaſing by a perpetual Flux: 
And their inſtantaneous Increments or De- 


es .- Cements 
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tt erements I call Moments; looking upon 
ic thoſe Increments or Augmentations as affir- 
© mative Moments, or Moments to be add- 
ce ed; and thoſe Decrements or Diminutions, 
ce as negative Moments, or Moments to be 
« deduced: But thoſe Moments are by no 
et means to be conſidered as finite Quantities ; 

ſuch are not Moments, but are Quantities 
_« ariſing from Moments. By Moments 1 
cc would have underſtood the Elements of fi- 
t nite Magnitudes juſt riſing out of Nothing, 
« and before they become finite. I don't re- 
<« gard the Magnitude of thoſe Moments, but 
c& 


only the —— they bear to each other 


e the Inſtant they begin to exiſt. Or, inſtead 
i of the Moments, we may uſe the Velocities 
where with the Increments or Decrements 
„ are generated, (which Velocities we may 


e alſo call Motions, Changes and Fluxions of 


<< ** Quantities) or we may uſe any Quantities 


* for them, that are proportionable to thoſe 
ec Velocities.“ 


XXXVI. He farther explains himſelf on 
this Head, in the Introduction to his Book of 
Quadratures, in theſe Words: PFluxiones 
e ſunt quam proxime ut fluentium augmenta 
e æqualibus temporis particulis quam mini- 
mis naſcentium; et, ut accurate loquar, 
“ ſont in prima ratione Augmentorum naſcen- 
% tium; exponi autem poſſunt per lineas 


% quaſcunque que ſunt ipſis proportionales.“ 
"4 The Fluxions of * are 


That is, 


is » — m 
—ͤ———— <>, 2 
® 
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very nearly as the Increments of their Flu-- 
** ents generated in the leaſt equal Particles of 
* Time; and they are exactly in the firſt 
ba Proportion of the faid Increments ; viz. in 
«the Proportion they bear to each other, the 
% Inſtant they ariſe out of Nothing: And 
« they may be expreſſed, or denoted; by any 


“Lines that are proportionale to thoſe In- 


cc crements.” 


XXXVII. In the 1-2 Print Way, Quan: 


tities are not conſidered as increaſing or de- 


creafing gradually, but as it were per Saltum : 
They are ſuppoſed to acquire their "Augmen- 


tations or Diminutions piece by piece ; which 
Augmentations or Diminutions are, as I ob- 


ſerved before, called Differences: And thoſe 


Differences are ſuppoſed to be infinitely ſmaller 


than the Quantities whoſe Differences they 
are. Thoſe Differences have alſo their Aug- 
mentations and Diminations, which are call- 
ed the Differences of the firſt Differences. 
Theſe, are ſuppoſed to be infinitely ſmaller 
than the former; and ſo on, without End. 
The Differences of the firſt Differences anſwer 
to ſecond Fluxions in the Newronian Way; 

the Differences of thoſe, t to wa F luxions ; 


and fo on. | 
From this Way of conceiving and expreſ” 


1 fing this Doctrine, it is called by the foreign 


Mathematicians, Calculus idifferentialis ; the 


Den al Oey "uy Method of” N tefi- 
mals; 
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mals; and by the French, Anahye des Infini- 
nent Pers. 

XXXVIII. The Differences of Laila are 
what Sir Iſaac Newton in the Lemma calls in- 
ſtantaneous Increments or Decrements ; and 
by one general Name, Moments ; which Mo- 
ments are there repreſented, as Something 
that may be added, Something that may be 
deduQted, and yet not finite Quantities; as 
infinitely little, and as not actually exiſting, 
but beginning to exiſt; as Elements of finite 
Quantities juſt — out of Nothing, and be- 
fore they become finite; and as being capable 
of Proportion: To which it is added, that 
the Velocities, or any Quantities proportion- 
able to the Velocities they are generated with, 
may be uſed in their ſtead, Which Co ncep- 

tions are ſeverely cenſured in the Anah 

XXXIX. The (ingenious Author of that 
pamphlet, after having obſerved, That 
*© Geometry is an excellent Logic: That it 
* muſt be owned, that when the Definitions 
are clear; when the Poſtulata cannot be 
<« refuſed, nor the Axioms denied; when 


Cc . 
, 2 


< 


* 


pariſon of Figures, their Properties are de- 
* rived by a perpetual well- connected Chain 
of Conſequences, the Objects being ſtill 
kept in View, and the Attention ever fixed 
upon them; there is acquired an Habit of 
80 Wb 1 cloſe and exact and methodical : 


4 ene Habit ſtrengthens and ſharpens the 
| Mind, 


from the diſtin Contemplation and Com- 
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Mind, and being transferred to other Sub- 


« jets, is of general Uſe in the Inquiry after 


„ Truth.” He then goes on to examine, 


how far this may be the Caſe, as he ex preſſes 

it, of our Geometrical Analyſts, in the fol- 
— Words. 

„ The Method of N is the cal 


ce Key, by Help whereof the modern Mathe- 


„ maticians unlock the Secrets of Geometry, 
« and conſequently of Nature. And, as it is 
te that which hath enabled them ſo remarkably 
ce to outgo the Ancients in diſcovering Theo- 
* rems and ſolving Problems, the Exerciſe 


R 


e and Application thereof is become the main, 


<« if not ſole, Employment of all thoſe who 


e in this Age paſs for profound Geometers, 
But LES this Method be clear or ob- 


te ſcure, conſiſtent or repugnant, demonſtra- 


tive or precarious, as J ſhall inquire with 
the utmoſt Impartiality, ſo I ſubmit my 


« Inquiry to-your own Judgment, and that of 


_ « eyery candid Reader, Lines are ſuppoſed 


ce to be generated by the Motion of Points, 
tte Plains by the Motion of Lines, and Solids 
te by the + pF of Plains, And whereas 
te Quantities generated in equal times are 

« greater or leſſer, according to the greater or 


1 leſſer Velocity, wherewith they increaſe and 
e are generated, a Method hath been found 
. to determine Quantities from the Velocities 


« of their generating Motions. And. ſuch 


40 «+ Velocities are called Fluxions : And the 


"0p «* Quantities 
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« Quantities generated are called flowing 
„ Quantities. Theſe Fluxions are ſaid to be 
« nearly as the Increments of the flowing 
| _ «©. Quantities, generated in the leaſt = Par- 
<« ticles of Time; and to be accurately in the 
„ firſt Proportion of the naſcent, or in the 
& laſt of the evaneſcent, Increments. Some- 
times, inſtead of Velocities, the momen- 
* taneous Increments or Decrements of unde- 
“ termined flowing Quantities are conſidered, 
under the Appellation of Moments. 
« By Moments we are not to underſtand 
. finite Particles. Theſe are ſaid not to be 
Moments, but Quantities generated from 
. % Moments, which laſt are only the naſcent 
* Principles of finite Quantities, It is faid, 
that the minuteſt Errors are not to be neg- 
„ leted in Mathematics: That the Fluxions 
are Celerities, not proportional to the finite 
Increments though ever ſo ſmall; but only 
to the Moments or naſcent Increments, 
whereof the Proportion alone, and not the 
„ Magnitude, is conſidered. And of the 
aforeſaid Fluxions there be other Fluxions, 
which Fluxions of Fluxions are called ſe- 
ec cond Fluxions. And the Fluxions of theſe 
'«« fecond Fluxions are called third Fluxions ; 
« and fo on, fourth, fifth, fixth, &c. ad in- 
« finitum. Now as our Senſe is ſtrained and 
<< puzzled with the Perception of Objects ex- 
* tremely minute, even ſo the Imagination is 
very much ſtrained and puzzled to 1 
en a — "a G. 


cc 
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<« clear Ideas of the leaſt Particles of Time, or 


« 


« 


the leaſt. Increments generated therein: : 
And much more fo to comprehend the 
Moments, or thoſe Increments of the flow- 
ing Quantities in flatu naſcenti, in their very 
' firſt Origin or beginning to exiſt, before 
* they become finite Particles. And it ſeems 
ſtill more difficult to conceiye the abſtracted 
Velocities of ſuch naſcent imperfe& Entities. 
But the Velocities of the Velocities, the ſe- 
cond, third, fourth, fifth Velocities, Sc. 

exceed, if 1 miſtake not, all human Un- 
ſtanding. The farther the Mind analyſeth, 
< and purſueth theſe fugitive Ideas, the more 
© it is Joſt and bewildered; the Objects at 


firſt fleeting and minute, ſoon vaniſhing 


« out of Sight. Certainly in any Senſe, a 


ſecond. or third Fluxion ſeems an ure 


Myſtery. The incipient Celerity of an in- 
cipient Celerity, the naſcent Augment of a 
naſcent Augment, 7. e. of a Thing which 
hath no Magnitude. Take it in which 
40 Light you pleaſe, the clear Conception of 
it will, if I miſtake not, be found impoſ- 
« ſible: Whether it be ſo or not, I appeal to 
the Trial of every thinking Reader. And 
if a ſecond Fluxion be inconceivable, what 


are we to think of third, fourth, -fifth 
« Fluxions, and ſo onward bot End? 


e ps «6 The foreign Mathematicians are ſuppo- 


ſed by ſome, even of our own, to proceed 
in a Manner leſs accurate Purhaps and geo- 
= <« metrical, 
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«. metrical, yet more intelligible. Inſtead of 
* flowing Quantities and their Fluxions, they 


conſider, the variable finite Quantities, as 


Increaſing, or diminiſhing by the continual 


Addition or Subduction of infinitely ſmall 


Quantities. Inſtead, of the Velocities where- 


with Increments are generated, they con- 
ſider the Increments or Decrements them- 


1 ſelves, which they call Differences, and 
which are ſuppoſed to be infinitely ſmall. 


The Difference of a Line is an infinitely 
little Line; of a Plain an infinitely little 


Plain. They ſuppoſe finite Quantities to 
conſiſt of Parts infinitely little, and Curves 
to be Poly gons, whereof the Sides are infi- 

nitely little, which by the Angles they 


make one 4 0 another determine the Cur- 


s vity of the Line. Now to conceive a Quan- 
6 tity infinitely ſmall, that is, infinitely leſs 


than any ſenſible or imaginable Quantity, 


<< or than any the leaſt finite Magnitude, is, 


I confeſs, above my Capacity. But to con- 
ceive a Part of ſuch infinitely ſmall Quan- 


entity, that ſhall be {ill infinitely leſs than it, 


and conſequently though multiplied infl- 
nitely ſhall never equal the minuteſt finite 
Quantity, is, I ſuſpect, an infinite Diffi- 

culty to any Man whatever 7 and will be 
allowed auch by thoſe who candidly ſay 
what they think; proyided they really 


think and reflect, and do dot take Things 
upon Truſt. | 


5 3 R « And 
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And yet in the Calculus di ferentialis, 


_ «© which Method. ſerves to all the fame In- 
<: tents and Ends with that of Fluxions, dur 
* modern Analyſts are not content to conſi- 


der only the Differences of finite Quanti- 


*© ties; they alſo conſider the Differences of 
* thoſe Differences, and the Differences of 
it the Differences of the firſt Differences; and 
1e ſo on ad infimtum, That is, they conſider | 
leſs than the leaſt diſ- 
4 cernible Quantity; and others infinite! leſs. 
d than thoſe infinitely ſmall ones; and ſtil! 
others infinitely leſs than the preceding In- 
cc finitefimals, and fo on without End of Li- 
«© mit. Infomuch that we ate to admit an 
* infinite Succeſſion of Infiniteſimals, each 


4 Quantities infinitely 


« infinitely leſs than the foreg egoing, and infi- 


« nitely greater than the following. As there 


Cc 


* 


ate firſt, ſecond, third, fourth, fifth, Ce. 


46 Fluxions, ſo there are Differences, firſt, 
<« ſecond, third, fourth, Sc. in an infinite 


9 Progreſſion towards Nothing, which you 


«© ſtill approach and never arrive at. And 
« (which is moſt ſtrange) altho you ſhould 
take a Million of Millions of theſe Infini- 


d infmite- 


6 +: — each whereof is 


greater than ſome other real M 
= 4 add them to the leaſt Siren 


i» ee of their Speculations, 2h 


b cc 1 


N 


< jt ſhall be never the bigger. Per the i one 
< of the modeſt Poſlulata of out modern Ma- 
„ thematicians, and is a Corner - ſtone or 


modern Mathematicians do not *confider- 
"theſe Points as Myfteries, but às clearly con- 


. by the Help of theſe new, Analytics the 


& Ingnite, but” In 


* expreſs it) or an Tafinity of Infinites: But 
e notwithſtanding all theſe Aſſertions and Pre- 


_* ther, as Ger 0 
ee often deceived by Words or Term? ſo they | 
« likewiſe ate not wonderfully deceived and 
„ deluded by their own peculiar Signs, Sym 
s bols, or Species. Nothing is cafier than to 


e and Infinitefimals of the firſt, ſecond, third, 
« fourth and ſubſequent Orders, . 8 
Ny in the fame PRs, without End or 


„Limit, 4, 5 18) r, Ge. or de, dx, 4445 
« #dddx; Cc. Theſt Expre 
«© clear and: diſtinct, and the Mind finds no 
% Diffieul 


4s d hun Difeo 77, | 
„„ 444440 
Tt mult indeed be ackhowledged, the 


* ceived and maſtered by. thelr comprehen- 
„ five Minds. They ſcruple not to fay, that 


can penetrate into Infinity itſelf: That they 

can even extend their Views beyond Infis 

«nity : That the 3 com! beach not only 
ite of Infinite (as th 


© tenſions, it may be juſtly 7, qu ueſtioned whe- 
n in other” Inquiries are 


66 deviſe E xpreſſions or. Notations for Fluxions 


ons indeed are 


tyin conceiving them to be cantinu- 


ed beyond: any aſſignable Bounds. But if we 


„ remove the Veil and lobk underneath; if 
-« laying aſide the Expreffions we ſet ourſelves 
„ attentively to conſider the Things them 


$1 ſelves, which are ſuppoſed to be ee 


F or 
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or marked thereby, we ſhall diſcover much 


« Emptineſs, Darkneſs and Confuſion ; nay, 
< if I miſtake not, direct Impoſſibilities and 
« Contradictions. Whether this be the Caſe 


or no, every. thinking Reader is intreated 
_ « to examine and judge for himſelf,” _ .. 


4 


„XL. After this he proceeds to inquire into 
the Proofs by which thoſe great Authors and 
their Followers eſtabliſhed the Rules of the 
fluxionary Method, But before I lay down 


his Objections to them, I. ſhall ſay ſomething 


preparatory to the underſtanding thoſe Proofs. 


XII. The fundamental Point in diſcover- 
ing the Rules to be made uſe of in the fluxio- 


nary Method, is, when a Quantity, or Num- 
ber, is ſuppoſed to increaſe, to find how faſt 
the Square, the Cube, or any other Power of 


that Quantity, ſhall increaſe in Conſequence 
e 


But before I lay down the Method they 
make uſe of for this Purpoſe, it is proper to 


obſerve, that when any Number or Quantity 
Increaſes uniformly, every Power of that 


Quantity increaſes with a Motion that is acce- 
lerated or retarded: The Square, for Inſtance, 
{ſhall increaſe faſter and faſter ; the ſquare 


Root, ſlower and flower. To inſtance in the 


Square of the Number 3; while the Number 


2 3 increaſes to 4, the Square of it, vis. 9, in- 
creaſes to 16 3 but while the Number itſelf in- 


creaſes from 4 to 5, the Square increaſes from 


- > N 
4 * 4 
* 
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16 to 25, which is a greater Increaſe than K. 
former; while it increaſes from 5 to 6, the 
Square increaſes from 25 to 36, which j is a 
greater Increaſe than the laſt. From whence 
it is evident, that while a Quantity flows with 


an uniform or even Pace, the Square of that 


Quantity increaſes faſter. and faſter perpetu- 
ally. | 
The like is to be ſaid of other Powers: 


They increaſe with variable Motions, when 


the Wade whoſe Powers they are, in- 
creaſe with uniform ones. Hence it is, that 
their Increments, or what they gain by in- 
creaſing, are not proper Meaſures of the Rates 
they begin to increaſe with, unleſs thoſe In- 
crements be taken infinitely ſmall ; that is, 


unleſs the Time they ariſe. in be taken infi- 
nitely ſhort. This is the Reaſon thoſe great 
Authors conſidered the Augmentations, In- 


crements or Decrements, Moments or Diffe- 
rences of Quantities, as infinitely ſmall. Is 
XLII. Theſe Things being obſerved, the 
Method they made uſe of for demonſtrating 
the Rules, will be more readily underſtood. 
The uſual Way is to demonſtrate for all 


Powers at once by one general Proceſs; but 


as ſuch general Proceſs may not be ſo readily 
underſtood, I ſhall prepare the Reader for it, 
by ſhewing it firſt in the finding the Fluxion 
of a ſingle Power only; for n the 
n or third . 7 
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XIIII. Let a Quantity then, which we 
will call x, flow or increaſe; and let it be 


| propoſed to find at what Rate the Cube of that 
Quant ſhall flow at the ſame Time. 


Let us ſuppoſe that the Quantity x by flow- 
ing becomes x +0; but obſerve, that the 


Letter o here is not put to denote Nothing, 


but ſuch Quantity as x may be ſuppoſed to 


acquire by increaſing during any indeterminate 
Time: Then the Cube of x + 0 being 


K* 4+ 3xx0 + 3x00 +000, the Cube of x, 


which before the Increaſe began was only 


** x, is now mh tet e 3X00 +,000; 
that is, it is larger than before by 3xx0-+ 3x99 
000. This therefore is the temporary In- 


crement of xxx, or the Augmentation it ac- 
| quires, while the Quantity itſelf is increaſed 
by the finite Increment . The Proportion 
therefore which thoſe Increments bear to each 


other, is that of a to 3xx0-+ 3x00 4000, 
But, agreeably to what was obſerved about 


the Increment of a Square, or other Power, 
the Proportion thoſe Increments bear to each 

other, is not the true Proportion of the Rates 
the Quantities x and xxx increaſe with at firſt 


ſetting off, or at the Beginning of the Increaſe, 


_ unleſs they be taken ſuch as would arife in an 


infinitely ſhort Time; that is, unleſs the 


Quantity o be conſidered as juſt coming into 
Being, or as infinitely little, Let it be ſo; 
then the laſt Term of the Increment of the 


Cube, viz. 000, which conſiſts of the infi- 
R 1 
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nitely little Quantity o multiplied by itſelf 


twice, is infinitely leſs than 3x00, in whicho 


1s multiplied by itſelf but once; for this Rea- 
ſon they reject that as Nef; Again, the 
Term 3x, where 0 is multiplied by itſelf 
once; is infinitely leſs than 3õ , where it is 
not multiplied by itſelf at all; they therefore 
reject that alſo as Nothing: And then there is 
left only o and 3xx0 to expreſs the naſcent or 
_ evaneſcent Increments of the Quantities x and 
x x &, or the Rates thoſe Quantities reſpective- 
ly begin to increaſe with. Now the Propor- 
tion thoſe Terms o and 3xx0. bear to each 
other, is evidently that of Unity to qxx; be- 
cauſe when each of them is divided by the 
Term o, they give 1 and 3xx, If therefore 


we expreſs the Rate any Quantity increaſes 


with by Unity, the Term 3 xx, that is, thrice 
the Square'of that Quantity, ſhall denote the 
Rate the Cube thereof ſhall increaſe with at 
/ mn) wn 27; - 

There is another Way of conducting this 

Proceſs, the fame in Reallity, though diffe- 
rent in Appearance; which is. thus, When 
the finite Increments are found to be o and 
4xx0+3x00+ 000, as above, to divide each 
Term immediately by o, by which means 
they become 1 and 3xx+3x0+00; and 
then to ſuppoſe the Increments to vaniſh, or 
the Quantity o to be infinitely ſmall ; upon 
which the two laſt Terms, uz. 3 * and oo, | 
80 out as Nothings, being infinitely ſmaller 
. than 
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than 3xx; and we have only left. I and zus, 
as before. 
VXLIV. Theſe are the Methods by which 
the Fluxions of Powers are diſcovered, only 
with this Difference; vig. that inſtead of in- 
1 quiring after the F lJuxion of a particular Power, 
as x Cubed, or raiſed to the third Power, 
5 they inquire after that of x raiſed to the 
| Power u, by which means the Proceſs be- 
comes general, and ſerves for any Power 
whatever. See it ee by the Analyſt, 1 
as follows. | 
' _ « Now the Method of obtaining a Rule to 

* find the Fluxion of any Power, is as fol- 

* Jows. Let the Quantity x flow uniformly, 

« and be it propoſed to find the Fluxion of 


«© © In the ſame time that x by flowing 
« becomes x + 0, the Power x, becomes 
. « Ae „that is, by the Method of infinite 


4 Series, (or what is called Sir Iſaac Newton's 
an— 
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Sc. Let now the Wie vaniſh, and 
their laſt Proportion will be 1 to *. is 
But it ſhould ſeem that this Reaſoning is 
« not ö 


Therefore as x becomes & o, x* will be- 


come XK Te, ; that is, according to the Me- 
thod of infinite Series * ＋ nox*”” 
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not fair and conclufive. For when it is 


* ſaid, let the Increments vaniſh, that is, let 


the Increments be Nothing, or let there be 
no Increments, the former Suppoſition that 


the Increments were ſomething, or that 
* there were Increments 1s deſtroyed, and yet 
a Conſequence of that Suppoſition, that is, 
an Expreſſion got by Virtue thereof, is re- 
tained ; which is a falſe Way of reaſoning. . 


Certainly when we ſuppoſe the Increments 
to vaniſh, we muſt ſuppoſe their Propor- 


tions, their Expreſſions, and every Thing 
elſe derived from the Suppoſition of their 
« Exiſtence to vaniſh with them. 


« To make this Point plainer, I ſhall un- 


fold the Reaſoning, and propoſe it in a a 
* fuller Light to your View. It amounts 
therefore to this, or may in other Words 


be thus expreſſed. . I ſuppoſe that the 
Quantity x flows, and by flowing is in- 
creaſed, and its Increment I call o, ſo that 


by flowing i it becomes x0. And as in- 


creaſeth, it follows that every Power of x 
is likewiſe increaſed in due Proportion. 


Nn 


* 60 +, Ge. And if from the 


two 2 Quantities we ſubduct the 
Neun and the Root reſpectively, we ſhall 
* have 
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$6 have remaining the two Increments, to 
it wit, o and 2 —＋ꝗ— 0h 
« © Which Increments wang both divided by 


| $i The eee Diviſor o, yield the Quotients 


NN} 


«1 and 14 + — 0x2 +,&c. which 


ee W hereere arc che Ratio of the Incre- 
„ ments.  Hitherto J have ſuppoſed that « 
10 flows, that x has a real Increment, that o 

* js ſomething. And I have proceeded all 


e glong on that Suppoſition, without which 

I ſhould not have been able to have made 
ſo much às one ſingle Step. From that 
* gu ppoſition it is that I get at the Increment 
© of , that T am able to compare it with the 


«© Tncrement of x, and that 1 find the Propor- 
« tion between the two Increments. I now 


| e beg Leave to make a new Suppoſition con- 
* trary to the firſt, that is, T 


will ſuppoſe 
* that there is no reer of x, or that o is 


% Nothing; which ſecond Suppoſition de- 
_« ftroys my firſt, and is inconſiſtent with it, 


and therefore with every Thing that ſup- 

** poſeth it. ' T'do nevertheleſs beg Leave to 
4 retain n, which is an Expreſſion ob- 
* "tained in Virtue of my firſt Suppoſition, 
* which neceſſarily . oſeth ſuch Suppo- 
« ſition, and which a not be obtained 

«| without it; All Aid E 4 00 dar. 
« = Allen Way of arguing. | » 


12 « Nothing 
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« Nothing is plainer than that no juſt Con- 


cluſion can be directly drawn from two in- 


conſiſtent Sapp politions. You may indeed 
ſuppoſe any t 


ing poſſible : But afterwards 
you may not ſuppoſe any thing that de- 
ſtroys what you firſt ſuppoſed. Or if you 


do, you muſt begin de novo. If therefore 


you ſuppoſe that the Augments vaniſh, that 
is, that there are no Augments, you are to 


begin again, and ſee what follows from 
ſuch Suppoſition. But Nothing will follow 
to your Purpoſe. Vou cannot by that 
means ever arrive at your Concluſion, or 
ſucceed in what is called by the celebrated 
Author, the A e of the firſt or 


« laſt Propartions of naſcent and evaneſcent 


cc 
.cc 


Quantities, 5 inſtituting the Analyſis in 
finite ones. I repeat it again: You are at 


Liberty to make any poſfible Suppoſition; 


and you may deſtroy one Suppoſition by | 
another : But then you may not. retain the 


2 Conſequences, or any Part of the Conſe- 


quences, of your firſt Suppoſition ſo deſtroy- 
ed. I admit that Signs may be made to 
denote either any thing, or nothing: And 


conſequently that in the original Notation 


*, o might have fignified either an In- 
crement or Nothing. But then which of 


theſe ſoever you make it fignify, you muſt 
argue conſiſtently with ſuch its Signification, 

and not proceed upon a double Meaning: 
e Sophiſm. Whe- 


e ther 
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ce ther you argue in Symbols or in Words, 
« the Rules of right Reaſon are ſtill the 
4 ſame. Nor can it be ſuppoſed you will 


On a Privilege in Mathematics to be 


« exempt from them. 


If you aſſume at firſt a Quantity increaſed 
« by Nothing, and in the Expreſſion x + o, 


«* o ſtands for Nothing, upon this Suppoſi- 


« tion as there is no Increment of the Root, 


“ ſo there will be no Increment of the Power; 
8 


£c 


* 


and conſequently there will be none except 
the firſt, of all thoſe Members of the Series 
conſtituting the Power of the Binomial; 
* you will therefore never come at your Ex- 
ear of a Fluxion legitimately by ſuch 

ethod. Hence you. are driven into the 


* 


c 


A 


* + 


ce fallacious Way of proceeding to a certain 


1 


A 


Point on the Suppoſition of an Increment, 


ce and then at once ſhifting your Suppoſition 
* to that of no Increment. There may ſeem - 


£ 


* 


great Skill in doing this at a certain Point or 
« Period. Since if this ſecond Suppoſition 
e had been made before the common Diviſion 


<« by o, all had vaniſhed at once, and vou 


« muſt have got nothing by your ls 
© fition. Whereas by this Artifice of 
« dividing, and then changing your Suppo- 


e ſition, you retain 1 and nx*, But not- 
< withſtanding all this Addreſs to cover it, 


« the Fallacy is ſtill the ſame. For whether 


ce jt be done ſooner or later, when. once the 


« ſecond W Am or Aſſumption is made, 


in 


cc 
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in the ſame Inſtant the former Aſſumption, 
* and all that you got by it, is deſtroyed, 
and goes out together. And this is univer- 
e ſally true, be the Subject what it will, 
« throughout all the 8 of human 
Knowledge; in any other of which, I be- 
e lieve, Men would hardly admit ſuch a Rea- 
„ ſoning as this, which in Mathematics i is ac- 
_ ©, cepted for Demonſtration. 

 XLV. The Analyſt objects alſo to the Me- 
thod made uſe of by Sir Iſaac Newton in his 
Demonſtration of his above-mentioned Lem- 
ma, & for obtaining the Fluxion or Moment of 
a Rectangle or Product of two indeterminate 
Quantities; from whence he deduces Rules 
for finding the Fluxions of all other Products 
and Power, whether the Coefficients or the 
Indexes be Integers or Fractions, rational or 
Tod; | 
This fundamental Point, ſays he, one 
would think ſhould be very clearly made 
out, conſidering how much is built 
| upon it; and that its Influence extends 
9 throughout the whole Analyſis. But let 
<« the Reader judge. This is given for De- 
« monſtration : Suppoſe the Product or Rect- 
„ angle A x B increaſed by continual Motion, 
and that the momentaneous Increments of 
“ the Sides A and Bare a and 6. When the 
“ Sides A and B were deficient, or leſſer by 


e 


cc 


a Principia rn Lib. 2. Lem. 2. 
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verſally 
will, big or little, Finite or Infiniteſimal, 
Increments, Moments or Velocities. 


exceeding ſmall: 
in rebus mathematicis errores 


one Half of the Moments, the Rectangle 


was A— 1 4 „ 5-73, that is, AB — 24 B 
—+bA+346. And as ſoon as the 


Sides A and B are increaſed by the other 
two Halves of their Moments, t the Rect- 


angle becomes ATT BTT, or AB 
Lt+aB+353 A4. From the latter 


Rectangle ſubduct the former, and the re- 
maining Difference will be a B ＋ A. 
Therefore the Increment of the Rectangle 
generated by the entire Increments à and þ 
is a B＋ 5 A. 9, E. D. But it is plain 
that the direct and true Method to obtain 


the Moment or Increment of the Rectangle 
AB is to take the Sides as increaſed by 
their whole Increments, and ſo multiply 


them together, A + @ by B +6, the Pro- 
duct whereof A B ＋ 4B ＋ S A4 is the 
augmented Rectangle; whence if we ſub- 


duct AB, the Remainder aB+bA+ab 
will be the true Increment of the Rectangle, 
exceeding that which was obtained by the 


former illegitimate and indirect Method, 
by the Quantity 25. And this holds uni- 
be the Quantities @ and h what they 


Nor 
will it avail to ſay, that ab is a Quantity 
Since we are told, that 
quam minimi 
non ſunt contemnendi. s Such ae 
this 


* Introdudtio ad Quadraturam Curvarum. 
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this for Demonſtration; nothing but the 


Obſcurity of the Subject could have en- 
couraged or induced the great Author of the 
Fluxionary Method to put upon his Fol- 
lowers, and nothing but an implicit Defe- 
rence to Authority could move them to ad- 


mit. The Caſe indeed is difficult. There 
can be nothing done till you have got rid 
« of the Quantity ab. In order to this, the 


Notion of Fluxions is ſhifted : It is placed 


© in various Lights: Points which ſhould be 


clear as firſt Principles are puzzled ; and 


% Terms which ſhould be ſteadily uſed, are 


ambiguous: But, notwithſtanding all this 
Addreſs and Skill, the Point of getting rid 


of ab cannot be obtained by legitimate 
* Reaſoning. If a Man, by Methods not 


geometrical or demonſtrative, ſhall have ſa- 
tisfied himfelf of the Uſefulneſs of certain 
Rules; which he afterwards ſhall propoſe 


to his Diſciples for undoubted Truths; 


which he undertakes to demonſtrate in a 
ſubtle Manner, and by the Help of nice 


and intricate Notions; it is not hard to con- 


ceive, that ſuch his Diſciples may, to ſave 

fthinking be in- 
clined to confound the Uſefulneſs of a Rule 
with the Certainty of a Truth, and accept 


the one for the other; eſpecially if they are 
Men accuſtomed rather to compute than to 


think ; earneſt to go faſt and far, than ſo- 


licitous to ſet out warily, and ſee their Way 


diſtinctly. W « The 
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“ The Points or mere Limits of naſcent 
Lines are undoubtedly equal, as having no 


more Magnitude one than another; a Li- 
mit as ſuch being no Quantity. If by a 


Momentum you mean more than the very 


initial Limit, . it muſt be either a finite 


Quantity or an Infinitefimal. But all finite 
Quantities are expreſsly excluded from the 
Notion of a Momentum. Therefore the 


Momentum muſt be an Infiniteſimal. And 


indeed, though much Artifice has been 


employed to eſcape or avoid the Admiſſion 


of Quantities infinitely ſmall, yet it ſeems 


ineffectual. For ought I ſee, you can ad- 


mit no Quantity as a Medium between a 


finite Quantity and Nothing, without ad- 
mitting Infiniteſimals. An Increment ge- 
nerated in a finite Particle of Time, is itſelf 


a finite Particle; and cannot therefore be a 
Momentum. 1 muſt therefore take an 


Infiniteſimal Part of Time wherein to ge- 
nerate your Momentum. It is ſaid the 


Magnitude of Moments is not conſidered: 
And yet theſe ſame Moments are ſuppoſed 
to be divided into Parts. This is not eaſy 


to conceive, no more than it is why we 


ſhould take Quantities leſs than A and B in 
order to obtain the Increments of AB, of 


which proceeding it muſt be owned the fi- 


nal Cauſe or Motive is very obvious; but it 


is not ſo eie or Fs to — 8 a juſt 
« and 


+ 


- — 
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« and legitimate Reaſon for it, or ſhew it to 
ic be Geometrical.” 

Thus he goes on enforcing and redoubling 
2 his Objections in the livelieſt Manner. But I 
muſt not follow him through the whole 
Pamphlet: I refer my Reader therefore to that 
for the reſt, with which he cannot but be 
highly entertained, ſo much Life, Spirit and 


Genius appears in every Part of it. 


XLVI. Two Perſons entered the Liſt in 
this Controverſy againſt the Analyſt; the 
former of which tiles himſelf Philalothes Can- 
tabrigienſis; the other was Mr. Walton, a Pro- 
feſſor at Dublin. The Author of the Analyſt 
anſwers them both in one Pamphlet, which 
he calls A Defence of Free-thinking in Mathe- 
matics. To this Philalethes made a Reply, ſo 
far as it concerned him; which was taken no 
Notice of by his Lordſhip : And there, as far 
as is come to my Knowledge, the Diſpute 
ended. 
XLII. There is one Article in a Lord- 
ſhip's Anſwer, out of which I ſhall make a 
ſhort. Abſtract, becauſe it will place before 
my Reader, the Main of his Objections in one 
View: And ſhall then leave him, and ſhew 
how his Adverſaries have conſidered this Sub- 
Jon... 
or Being wrought up to a ſmall Degree of 
Warmth by his F Philalethes, to 
whom he is there addreſſing himſelf, he col- 
_ his whole Force, and levels all his Ar- 


tillery 
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- fillery at Sir Jaac at once, in theſe Words : 
cc You, Sir, with the bright Eyes, be pleaſed 
to tell me, whether Sir Ja:c's Momentum 

« be a finite Quantity, or an Infinitefimal, or 
te q mere Limit. If you ſay, a finite Quan- 

* tity; Be pleaſed to reconcile this with what 

r he' ſaith in the Scholium of the ſecond. 

« Lemma of the firſt Section of the firſt Book 

« of his Principles: Cave intelligas quantitates 

te magnitudine determinatas, ſed cogita ſemper 

« ſiminuendas fine Limite. If you fay, an 

& Infinitefimal ; reconcile this with What is 

« {11d in the Introduction to his Quadratures : 

« Folui offtendere quod in Methodo Fluxionum 

e non opus fit figuras infinite parvas in Geome- 

« friam introducere, If you ſhould ſay, it is 
cc 4 mere Limit 5 be plea ed to reconcile this 
<« with what we find in the firſt Cafe of the 

« ſecond Lemma in the ſecond Book of his 

« Principles: Us: de lateribus A et B deerant 

« Momentorum dimidia, Cc. where the Mo- 
«© ments are ſuppoſed to be ud d. 


XLVIII. Both Philalethes and Mr. Walton 
explain very well what is meant by the Pro- 
portion, Moments or Differences bear to each 
other, but abſolutely decline” giving any Ac- 
count of the Things themſelves, any fatther | 
infinitely diminiſhed; as Quantities in their 
"naſcent and evaneſcent State. And tell us, 
that when they are rejected, it is becauſe they 
CFE. ; are 
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A preliminary Diſcourſe. 8 
2 infinitely ſmall, and the like. They 
carry Things therefote no farther than Sir 
* had done before. They leave them, as 
to the Objections made by the Analyſt, ex- 
actly as they found them. I ſhall therefore 
trouble my Reader with no more Abſtracts, 
than one very ſhort one from each, to thew 
that I do them Juſtice. 
Philalethes ends his Account of the Propot- 
tion naſcent and evaneſcent Increments bear 
to each other, in theſe Words: — © It is 
carefully to be attended to, that the Propot- 
tion here given, as the Proportion of the 
« evaneſcent Increments, is not their Propot- 
e tion before they vaniſh. Nor is it their 
Proportion after they have vaniſned. For 
<< then they are become Nothing, and have 
no Proportion. But it is their Proportion 
at the Inſtant that they vaniſh, or the Pro- 
e portion with which they vaniſn. I might 
« obſerve farther; that as the Increments do 
* not come to this Proportion before they 
vaniſh, ſo neither do they vaniſh before 
they come to this Proportion: Hut at one 
and the ſame Inſtant of Time, they come 
to this ion and vaniſh, they n 
« and come to this Proportion,” * | 
And when urged by the Analyſt in his Re- 
ply, to ſay whether a Momentum or naſcent 
nne, be a | finite n or an Infini- 
| Fo NR, 
4 | Seen Lettr, . 30. 
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teſimal, a mere Limit, or Nothing at all? 
7 gn him off in theſe Words: “ — «© Would 
* you have me tell you what a Moment is, 


or what the Magnitude of a Moment is? If 


the former; I tell you what Sir Iſaac Ner- 


% ton has told you before, a Moment is a 


C momentaneous or naſcent Increment pro- 
1 portionable to the Velocity of the flowing 
cc, my If the latter; I have no Buſi- 
„ neſs at all to conſider the Magnitude of a 
«© Moment. Neque enim ſpectatur, ſays Sir 
* Tſaac: Newton, + magnitudo Momentorum, 
we 97108 prima naſcentium . 1 may tell 
you farther, that the Magnitude of a * 

he — is Nothing fixed and determinate; 


a Quantity perpetually fleeting and — 
„till it vaniſhes into Nothing; in ſhort, that 


« it is utterly unaſſignable: Dantur uitimæ . 


4 guantitatum evaneſcentium rationes, non. dan 
t tur ultimæ magnituuines Pf 
By Moments Mr. Walton tells W 80 et, we 
e may underſtand the naſcent or evaneſcent 
« Elements or Principles of finite Magnitudes, 
* but not Particles of any determinate: Size, 
or Increments actually generated; for all 


c ſuch ate eee themſclyes m of 


cc Moments: . | 67 411100 Dif; *? 
„The Magnitudes of. dhe momentaueous 
779 « Increments or Deen * hs ns are 
„* ene p. 55. 4 Princip Lib. 2. ag 2. 
4 Principia, Lib. 1. Sect. 1, Schol. Page 6. 
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portions perpetually tend, and 
nearer than by any aſſignable Difference, 


A preliminary Diſcourſe. 83 


not regarded in the Method of F luxions, 
but their firſt and laſt Proportions only; 
that is, the Proportion with which they 


begin or ceaſe to exiſt: Theſe are not their 


Proportions immediately before or after 


they begin or ceaſe to exiſt, but the Pro- 
portion with which they begin to exiſt or 


„ with which they vaniſh. — Hence - to ob- 


tain the laſt Ratio of ſyncronal Increments, 


the Magnitude of thoſe Increments muſt 
be infinitely | diminiſhed. For their laſt 


Ratio is the Ratio with which they vaniſh 
or become Nothing by a conſtant Diminu- 


tion, till they are infinitely diminiſhed; for 
without an infinite Diminution they muſt 
have finite or aſſignable Magnitudes, and 
while they have finite Magnus they 
cannot-yaniſh. - 
„ The ultimate Ratios with 5 WY ſyncro- 
nal Increments of Quantities vaniſh, are not 


the Ratios of finite Increments, but Limits 


which the Ratios of thoſe Increments at- 
tain by having their Magnitudes infinitely 
diminiſhed: The Proportion of Quantities 
* which grow leſs and leſs by Motion, and at 
' laſt ceaſe. to be, will in moſt Caſes conti- 
nually change, and become different in 


every ſucceſſive Diminution of the Quan- 


* tities themſelves. And there are certain 


determinate Limits to which all ſuch Pro- 


1 G 2 | cc but 


84 A preliminary Diſcourſe. 
* but never attain before the Quantities them- 
e ſeives are infinitely diminiſhed ; or till the 
© Inſtant they evaneſce and become Nothing. 
«© Theſe Limits ate the laſt Ratios with which 
**. ſach Quantities or their Increments vaniſh 
r ceaſe to exift ; and they are the firſt Ra- 
% tios with which Quantities, or the Incre- 
© ments of Quantities, OT to ariſe or come 
es into Being.“ e 

XLIX. Hence it is eaſy to perceive, how 
far theſe Gentlemen are . giving an A. 
count of choſe ſmall Quantities ſatisfactory to 
the Analyſt, In ſhort, they give no other ? 
Idea of them, than that very 2 on which 


2 r of the pan ga are 7 4 


4 5 1 With 8 to this. te abi d / 
muſt be owned, that de ely frnall 
Quantities, I mean, thoſe nafcent and eva- 
neſcent Increments and Decrements of Sir 
Ifaac Newton, and thoſe Differences of Leid- 
nits, are not to be conceived by the Mind of 
Man; and that no juſt and adequate Idea of 
them, as to Magnitude, can be formed. But 
chen it is to be remembered on the other hand, 
that thoſe Quantities are not Fluxions them⸗ 1 
ſebves, dat only certain Meaſures or Repreſe- 
tatives that have been made uſe of for Faxi- | 
ons: That, as to the Fluxions' themſelves, 
chere neither is, nor can be any Diſpute about 
them, When gia. underſtood. A flrſt 
700 Fluxion 
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A preliminary Diſcourſe. 8 5 
Fluxion is the pteſent Velocity wherewith 
Quantity increaſes or diminiſhes, nc hes: 
ſeparately and apart from any Change or A 
teration that Velocity may be undergoing. 
this there is Nothing either infinitely * or 
infinitely little: Nothing obſcure or unintelli- 
gible in the leaſt, A fecond Fluxion is the 
Change in the Velocity a Quantity is at any 
Time increaſing with, excluſive both of the 
Velocity itſelf, and alſo of any Alteration that 
Change may. itſelf be undergoing, This ne- 
ceſſarily takes place at every Inſtant of Time, 

while a 12 increaſes faſter and faſter, or 
flower and flower ; becauſe in that Caſe there 
muſt be 
a third Fluxion is any Alteration or Change 
may at any Time be undergoing, excluſive 
not only of the Velocity the Quantity increaſes 
with, 2 alſo of the Change that Velocity 
may be undergoing at that Time; and alſo of 


perpetually ſuch a Change. Again, 


any Change that Alteration itſelf may be un- 


eee A fourth Fluxion is the Change 
that laſt mentioned Alteration may be under- 
going, excluſive of all the former, and alſo of 
nay. Variation ot Alteration that may be then 
happening to this very Change itſelf; and fo 
on, as far as you pleaſe, Theſe Things in- 
decd elude our Senſes ; but they do not fur 
paſs the Underſtanding. There is nothing in 
them uncommon. or unnatural in the leaſt, 
They are happening daily in almoſt all the 
—_ that fall under our Obſervation: 
wen) And 
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apart one from another. 
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And it is the Buſineſs of the Fluxioniſt to ſe- 
parate, and to expreſs, and to conſider them 

LI. Thoſe infinitely little Quantities; thoſe 
Meaſures, I ſay, that have been made uſe of 
for Fluxions, it muſt be acknowledged, are, 
as to their Magnitudes, abſolutely incon- 
ceivable; but, as to their Relations, they are 
moſt perfect and moſt compleat Repreſenta- 
tives of Fluxions. For, as thoſe of each Or- 
der are capable of comparative Magnitude 


among themſelves, they are therefore capable 
of repreſenting any Relations the Fluxions of 


that Order may bear to each other. They 
are therefore abundantly ſufhcient for Prac- 


tice ; becauſe in Practice we have only to do 
with the Relations of Things; and the Rela- 
tions of Things may be well ' underſtood, 


though our Ideas of the Things themſelves be 
imperfect. And farther, as thoſe of each ſuc- 
ceſſive Order are infinitely leſs than thoſe of 
the foregoing one, as we ſhall ſee by and by, 


they do alſo moſt accurately and jultiy denote 


that infinite Inferiority and Subordination there 
is between the Fluxions of different Orders. 


But to wave all theſe Conſiderations for * 


preſent, and come nearer the Point. 6 
LII. The Objections of the Analy ſt are 


diſtinguiſhable into two Parts. Firſt, That 


infinitely ſmall, Quantities have been made ule 
of for the Meaſures of Fluxions, or to repre- 
ſent them by, notwithſtanding ſuch Quanti- 
is DOE: ties, 


A preliminary Diſcourſe. 87 
ties, as to their Magnitudes, cannot be com- 
prehended by the Mind: And, that ſuch 
Quantities are in ſome Caſes retained and made 
uſe of for a while, and afterwards, to uſe his 
oven Expreſſion, like Scaffolds to a ain, 
are rejected as of no Significancy, © 
LUI. In Anſwer to the firſt Part, it is to 
be owned, as I ſaid before, that ſuch Quan- 
tities have been uſed; and that they cannot 
be conceived by the Mind: But this is no 
Obdjection to the Method of Fluxions itſelf: 
Becauſe finite Meaſures might have been made 
uſe of. From whence it follows, that the re- 
preſenting Fluxions by infinitely ſmall Quan- 
ttities was only caſual and accidental, not of 
Neceſſity, but of Choice. And, in Anſwer 
to the ſecond, it. may be demonſtrated, that 
thoſe Quantities which are rejected in the 
fluxionary Method, are always ſuch as ought 
by no means to be retained. 

LIV. Theſe two Points I ſhall devine 
to make out, in as few Words as poſſible, 
they being to be more forcibly demonſtrated 
in the Book itſelf. In order to this, I muſt 
lay down the — fundamental Obſer⸗ 
vation, vx. 

LV. That when a Quantity increaſes with 
an uneven Pace, it increaſes neither faſter nor 
{lower at any one Point, or at any one Inſtant 
of Time, than if it increaſes at that Inſtant 
with an even Pace. Accordingly, when a 
_— is ſaid to increaſe with an accelt ra ed 


8 4 Motio I, 
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Motion, the Meaning is not, that it increaſes 
faſter and faſter at any one Inſtant of Time; 
it would be ablurd to ſay it did; but only that 
it increaſes in one Inſtant quicker than it did 


the foregoing one. This may poſſibly appear 


plainer, if we take an Inſtance from a Body in 


BGM: I ay then, that the Velocity of any 
Body is che ſame at any one Point, or at any 


one Time, whether the Body moves with an 
uniform, accelerated, or with a retarded Mo- 
tion at that Point or Time. Thus, if a Body 
in Motion comes to a certain Point, ſuppoſe 
with ten Degrees of Velocity, it ſnall move 
over that Point with but ten Degrees of Velo- 
city, though its Velocity be there accelerated; 


and it ſhall move over that Point with no leſs 


than ten Degrees of Velocity, though its Ve- 


locity be retarded in that Point. If the Mo- 
tion be accelerated, it undergoes a Change in- 


deed in the Point, and becomes greater after - 
wards ; and if it be retarded, it becomes leſs, 


put not in the Point itſelf. This being als 


lowed, 


LVI. Let che right Line AB nd CD (ſee | 


Fig: 13.) be parallel to each other; and let 
the Perpendicular PM, by moving parallel to 


itſelf from AC towards BD with an uni- 


form and even Pace, generate the Area 
APM in the Manner we have ſo oft men - 
tioned. Let PM be now ſuppoſed to have 
advanced as far as QI ; that is, 4 the Area 


* ? WS: be now ** to have acquired 


the 


_ 
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the  parallelogramic Increment PI; then, 
whatever be the Breadth, MI, or PQ, of 
that Increment; that is, whatever be the Diſ- 
tance between the Lines PM and Ql, it we 
ſuppoſe P Q to repreſent the Fluxion of the 
Baſe AP, that Increment PI ſhall N 
the Fluxion of the Area CP. 

For the deſcribing Line PM being ſuppol 5 
ſed to move with an even Pace, and the Lines 
AB and CD being parallel to each other, it 

is evident PM will continue of the ſame 
Laugh all the Way, and will therefore ſweep 
over equal Areas in equal Times; and conſe- 
quently the Area AM will increaſe during 
that Time with an even Pace; and the Line 
AP will alſo increaſe uniformly: But while AP 
ſhall gain PQ, AM will gain PI; therefore, 
if the Velocity of PM, that is, the Fluxion 
of AP, be repreſented by PQ, the Fluxion 
of the Area AM ſhall be repreſented by the 
Parallelogram PI; and conſequently, if we 
call PQ, x, P Mx & ſhall be the Value of this 
Fluxion. 

. - Secondly, Let CMD by! a curve Line, wail 
Btuated with reſpect to AB, as in Fig. 14. 

and let the Area APM C be deſcribed by the 
Line PM moving uniformly forwards, as be- 
fore; and let the other Lines be drawn as re- 
preſented in that Figure. Here PM, as it 
moves along towards B D, will lengthen con- 
tinually, becauſe the Diſtance between the 
Une CMD and AB grows greater and 


greater ; 
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greater; and therefore the Area A PM C 


will continually increaſe with an accelerated 


Motion; and when P is come to Q, and PM 
to QR, the Area will have acquired the In- 


crement PQR M; but its Fluxion will be no 


greater, than if P M had all the Time conti- 


nued invariable. For, by the fundamental 
Obſervation above laid down, though the 
Area increaſes faſter and faſter, yet when it 
is APMC (which obſerve is Unt oue ſingle 

Inſtant of Time) it increaſes no faſter there, 
than if it increaſed there with an uniform Pace, 

that is, no faſter than it would have done, had 


MR been coincident with MI, or had PM 
continued of the ſame Length all the Way; 


and therefore, by what was ſhewn in the laſt 
Article, if PQ be ſuppoſed. to repreſent the 
Velocity P M, moves with, or the Fluxion of 
the Baſe AP, as before, the parallelogramic 
Increment PI ſhall here alſo repreſent the 


Fluxion of the Area APM C. And therefore 
if we call PQ, x, PM x ſhall be the Va- 


lue of this Fluxion alſo. 
Again, let the Lines AB and CD be dies- | 
Is as in Fig. 15. and let the other Lines be 
drawn, as they are there repreſented. Here 
the Line PM ſhall grow ſhorter and ſhorter, 
as it moves along; the Area A PMC ſhall 
flow flower and ſlower; and when PM is 
come to QR, the Increment of the Area 
ſhall; be no more than MPQR. But, for 


Nala nnn. ſimilar to thoſe already 
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given, if PQ be ſuppoſed to repreſent; the 


Fluxion of AP, not the Increment P QR M. 
but the Parallelogram PQI M, or PM x £ 


ſhall here alſo repreſent, or meaſure the 
"Dupe: of the Area APM C. 


III. From whence the following Obſer- 


Firſt, that 4n all theſe-Caſes the 1 of 


the Area may be meaſured:or repreſented by a 
finite Quantity, viz. by the finite Parallelogram 


PI; and therefore, that the repreſenting 


Fluxians, at leaſt in theſe Caſes (and we ſhall 
demonſtrate for all in general in another Place) 
by infinitely {mall Quantities, was caſual and 
accidental, and not eſſential to the Method. 


Secondly, That when the Area flows with 
an accelerated Motion, while the Baſe flows 


uniformly, as was the Caſe, in Fig. 14. the 


total Increment that is produced, or that ariſes 


while the Area from A M becomes A R, ex- 
ceeds the Parallelogram PI, which meaſures 
the Fluxion of the Area AM, by the Quan- 


tity MIR; and conſequently, that in order 
to find, from the total Increment PR, a Quan- 
tity that ſhall repreſent the Fluxion of the 
9 that curvilinear Space MIR ought to be 
rejected therefrom. And 


© Thirdly, That when the Area flows with 


Fo retarded. Motion, while the Baſe flows uni- 
formly, as the Area AM, in Fig. 15. the 


Increment that ariſes is leſs than the Paralle- 


logram PI by the curvilinear Space MR TI, 
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apart from its other Fluxions, the deducting 
or throwing out ſuch-curvilinear Space from the 
total Increment P R in the one Caſe, and ad- 
ding it thereto in the other, is a moſt juſt and 
reaſonable Method of proceeding. 
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to find therefore that ' Parallelogram or the 


Fluxion of the Area, from that Increment, 
ſuch curvilinear Space muſt be added to it. 

Fourthly, That, ſince the Parallelogram 
PI, in Fig. 13. is what ariſes in conſequence 


of the Fluxion of the Area A M, when ſuch 
Fluxion is ſuppoſed to be continued on with- 


out Alteration or Variation, it is obvious, that 


the Parallelograms PI, in Fig. 14, & 15. 
are what would have ariſen in conſequence of 
the Fluxiens of the Areas in theſe Figures, 
had theſe Fluxions ſuffered no Alteration ; 
and conſequently that the curvilinear Space 


MRI, in Fig. 14.is what ariſes in conſequence 
only of the Acceleration wherewith the Area 


flows; and that the like curvilinear Space 
MRI, in Fig. 15. is what is loſt in conſe- 


quence only of the Retardation wherewith the 


Area flows. And therefore that, in both Caſes, 


ſuch curvilinear Space is to be aſcribed, and pla- 


ced, to the Account of the ſecond, and higher 


Fluxions of the Area, if ſuch there be, and 
not to the firſt. From whence it clearly fol- 


lows, that, in computing the firſt Fluxion of 


the Area, and expreſſing it ſeparately, and 


ift vg od; OM: dhaus; 
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- EVI. Now, ſince it might be difficult, 
in ſome Inſtances, to diſcover how much of 
the total Increment” is to be taken from it in 
one Cafe, or ho much is to be added to it in 
the other, to ſind the true Meaſure of the 
Fluxion of the” Area; and, fince the Line 
PQ or- & may be waken of any Length, the 
great Author of this Method, directs that we 
conceive the Line QR to return back to PM, 
whence it is ſuppoſed to have ſet out; in 
which Caſe PQ or-x will become infinitely 
ſhort, and the Increment PR will vaniſh; 
but at the ſame Time that Incretnent vaniſhes; 
the Line RI will vaniſh alſo; becauſe QR 


| will then become equal to PM, and confes 


quently to QT: So that the total Increment 


PR; and the parallelogramic Increment. PI 


will then be one and the fame Thing, The 
ſuppoſing therefore the Line PQ, or x, infi- 
nitely ſhort, and the Increment PR in its va» 
, niſhing State (or, which is the fame Thing, 
in its naſcent 'or rifing State, it you ſuppoſe 
QR at 8 mw 105 from it towards 

QR); Jay, t ng theſe Things is 
only a moſt er ready Method of 
getting rid of the curvilinear Space M RI. 
when it ought to be rejected, and of ſupply- 


ing it in Caſes where it ought to be added. 
This the Analyſt contends is an illegitimate 


and unreaſonable Method; whereas it is ra- 
cher ui an ee of the n hu- 
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man Penetration and Worm the World eber 
ſaw. Nie 5 19 
Hence the particular Objedtions of the Ana- 
er of an eaſy and ready Anſwer.. 
LIX. The Objection which relates to the 
Method of eſtabliſhing the Rule for finding 
the Fluxion'of any Power, is this (ſee above, 
Article 44.) viz. that the Suppoſition which 
is made at the Beginning of the Proceſs, and 
carried on to a certain Point, is then "ſhifted 
for one that is contrary to it, and the remain- 
ing Part of the Proceſs carried on upon the 
f latter. That in oeder to get oy of the Terms 
N 


eee + Ge. ( the un 


> m2 ww a ” vu 


n - A 
noxr=r 4 nn ona [Eons __ Ge the Let 


ter o, A was at firſt ſuppoſed to repreſent 
a real Increment; is afterwards in the ſame 
Proceſs, conſidered as no Increment or No- 
thing: Which, he infiſts upon it, is an ille- 
gitimate Manner of proceeding, and what 
would not be allowed of in other Sciences. 
But it may be ſhewn, —_— ihiſting: the 


| — 7 ar; 
Hypotheſis, that the Quantities — ee A 


&c. are generated, or do ariſe, in | engl = 
of the Acceleration wherewith the Power of 
* flows, when x itſelf flows uniformly; and 
_ conſequently that they ariſe from the ſecond 
and higher Fluxions of that Power ; and that 

therefore, 
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therefore, when the firſt Fluxion of that 
Power is only inquired after, whether the 
Quantity o be ſuppoſed to continue a finite In- 
crement or not, they are to be left out and re- 
jected, as appertaining to another Account. 
To demonſtrate this for any Power in general 
would be too much for this Place; 1+ ſhall 
therefore now ſhew it for the Cube or third 
Power only. The Increment of & raiſed to 
the third Power, when the Root x was ſup- 
poſed to be augmented by the finite Quantity 
o, was (as obſerved above, Art. 43.) 3 * 
+ 3x004+000. I am to ſhew thetefore, 
that the firſt of theſe three Terms only is to be 
taken for the Meaſure of the Fluxion of x & K 
and conſequently that the other two are redun- 
dant. F 'In order-to this, let A P MC, in Fig. 
16. repreſent a Cube whofe Side is x, and let 
the Cube be ſuppoſed to be augmented in each 
Dimenſion; by a Line, as PQ, which we will 
ſignify by the Letter o. Then while the Cube 

increaſes, every Face of it, as it removes from 
its Place, will continually. grow larget and 
larger, becauſe the larger the Cube, the latger 
every Face of it will be: When the Face PM 
therefore is come to QI, it will be larger than 
QI or PM; but for the ſame Reaſons that 
in eſtimating the firſt Fluxion of the Area 
A M, in Fig. 14. we took the Meaſure of 
that Fluxion ſuch, as might have been gene- 
rated by the Motion of PM from P to Q 
without increaſing itſelf, vig. the Parallelo- 
gram 
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Since then (each Side of the Cube being &) 
the Plane, Area or Face PM is xx, — Pa- 
rallel 


+ 4, the "remaining 


and are to be 


Another Difficulty the Analyſt wiſts wpon, 
is that of getting rid of the Quantity a b it the 


* 
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gram PI; fo now, for the very ſame Rea- 
ſons, we muſt take the Meaſure for the In- 


creaſe of the Cube in this Dimenfion, ſuch, 
as might be generated by the Motion of the 
Plane PM from P to Q, without undergoing 


any Alteration in itſelf; that is, we are to 
take the Parallelepepid P I for that” Meaſure. 


epepid P I will be x vo; this therefore is ö 
the Meaſute of the Rate the Cube will in- 
eteaſe at in that Dimenſion; but it is evident, 


it will increaſe as much in each of its other 


two! Dimenfions ; from whenee it follows, 


| that is whole Flux will be thrice that Quan- 


tity, Viz, 3 x x0, Which is the firſt of the 
three Terms of the Increment 3 K * 3 x09 
two therefore, . 
x60 and o, are redundant: They ate there. 
dre what ariſes in Conf of the Accele- 
rariotr Here with the Cube increaſes, that is 
from che ſecond and third Fhixions thereof, 

placed t their Account; 
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"therefor Irt conn 1188 that Rate, it is proper= 


oy ion is, Sir fac Newton 
halved one of his Moments — But finde chole 


Moments are not eſſentially and of Boy, 


_ \Ihbnitely ſmall, it is clear, hdr the'takin 
_ 'confidering chem ſo, muſt hot be 25 

diet them of that Divillbi They would 
Stherwiſe have. But this wil 1 be Pale o in 
e next Article. | 


| IX. To pla hich, we in Bid 
Meafure further to illuſtrate the Nature G 
theſe Sort of Quatitities, and N Relations. 
Let the Area APM, in Fig. be N. 


poſed to be deſeribed by th ation 
the Line QR from AC towards BD; an 
let it be fuppoſed, that the Line QR js no 
actually upon, and coincident with the Lin 
PM; call the then Diſtance between theth 
*; multiply PM by that Diſtance; and you 
will have PM x & an * mall 15 
indeed, becauſe & will be Nothing at all: 
will be abſolutely indivifible in the Dünenflan 
#, and will by no means expreſs the Fluxion 
er the Atea AM; becauſe there will be No- 
thing therein that reſpects the Velocity the 
Line QR moves with in deſeribin 4 Ares 
But though there be no actual 
tweeen thoſe Lines, when they are e 
with each other, yet as one of them, . QR 


is in Motion, the Diſtance between them is 


then 


3% 


w a 


. 


* 4 28 minary CM 


"Rata and this. with a. certain Deg gree of 
'QuickneG, according, 0 that Line is e 
ed to move faſt or Let & repreſent 
that Deg ree, of icke Then multiply 
PM 1 x, and the Product, PM xx, ſhaſl 
repreſent the Degree of Quickneſs where with 
the Increment from poſitive becomes nega- 
tive, or from negative becomes poſitive: It 
ſhall now reſpe& the Velocity the Area AM 
flows with, or the: true Fluxion of the Area; 
and „ as that Degree of Quickness 
repreſented by x, may be great or - ſmall, 
P Mx may be ſo too; it will therefore now 
be capable of Relation and Fe e of 
Biebl. WEI JA ene 
It —. therefore, that "hes. PMA is 
It ppoſed to denote, or meaſure, the Fluxion 
Fe ke Area, the Quantity.x muſt neceſſarily 
. ſuppoſed, and canſidered, as the Meaſure 
of the Velocity the Line PM moves with, 
Which Velocity being always finite, it is evi= 
dent the Quantity, P Mx x: is always natural- 
ly and conflituticnally, a. finite Quantity; be- 
cauſe, as we. yo juſt... ©. it is. Atherwiſe 
by, no m cans. capable of repreſenting that 
Fluxion. 5 "W hen therefore, for. Pprpaſes. of - 
85 yeniency, Expedition or, Brevity, it is ſaid 
in its naſcent or evaneſcent State, to be 


ö af comin into Being, o r juſt departing, out 
of i ec than any Quantity that can 


190) 1 


' FR 
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"bog 885 to be infinitely ſmall, or 9 
- diminiſhed ; ; to be an Element of ſome, fake 
Magnitude ; or the like; it only implies, that 
'QR is juſt then moving over PM with the 
finite Velocity x, that PM x x, conſidered as an 
Area, is a Quantity changing from poſitive to 
negative, and therefore as yet infinitely ſmall, 
- or infinitely ſmaller thai any Quantity in 
which ſuch' Change is aQullly made. But 
when * is conſidered as a Velocity, PM x x 
is a Quantity actually finite: But we is eſſential, 
that it ſhould be ſo conſidered; becauſe ather= 
wiſe, as obſerved above, it can by no means 
| repreſent, or expreſs, the Fluxion of that 
Area. It is therefore eſſentially and conſtitu- 
| tionally a finite Quantity, and therefore eſſen- 
3 tially /divi/ble, When it is conſidered as an 
0 infinitely ſmall Quantity, it is only indirc&ly, 
| nominally, and by Suppoſition, ſuch, and 
purely for the Sake of diveſting it of the 555 
 vilinear Space MR I, or of ſupplying it with 
that Space, without the Ceremony of a long 
Deduction. th 
LXI. I explain this a little further. 1 ob- 
ſerved, near the Beginning of this Dif 
courſe, that, in the Reſolution of ſome Pro- 
bleme, as the finding the Areas of Figures; 
drawing Tangents' to Curves, &c. the firſt 
Fluxions of Quantities are alone, ſufficient ; 
and that in other Problems, ſecond Fluxions 
are made Uſe of: In like manner, there are 
H 2 others, 
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others, where third Fluxions are concerned, 


"Sc. and accordingly 1. took Notice afier- 


Wards, that it is the Buſineſs of the Fluxi- 


oniſt to ſe parate and part theſe one from ano- 


ther, in order to make uſe of ſuch, and ſuch 


only, as the Caſe may require. , Imagine then 
the Line CMR in Fi 


ig. 14. to 


to be a rigbt 
be a right - lined Tri- 


Line, then will MRI. 


| "angle, and (for Reaſons fimilar to; thoſe al- 


ready given) the parallelogramic Increment 
PI 41 Fen) the the firſt Fluxion of the. Fi- 


güte AM; and for 7 — roo we thall give 
afterwards, twice. the Triangle MRI ſhall 
"meaſure the ſecond Fluxion of that. Figure. 
Soppoſe that I have Occaſion for the, firſt 
Fluxion of this Figure only : To obtain. this 
from the total. Increment PR, it is evident, 1 
"muſt reject the triangular Space MR I, as 
above obſerved. But ſuppoſe, that from he 

the total Increment, FR. I wogld obtain the 
ſecond F] Fluxion nf, Pf igure; here it is evi- 
Foot, I muſt reject, PI that, meaſures the firſt 


Fluxion, and reſerve and, make uſe of the 
triangular Space I rej jected before. 5 — 


QR. to return wht to PM, fo that FR 
may be what they call an infinitely ſmall 


Quantity; the Caſe is ſtill the ſame.; I muſt re- 
5 PIto get MRI; ſo that here I reje&t an 


infinitely ſmall Quantity, and. retain one that 
18 fe ſmaller: The Reaſon of this can 


never be, . the e is W leſs 


than 
N ww #\ 4 


Pol 


. | - v7 
* res „ * 
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** the latter; for, in their own Way of | 
ſpeaking and expreſſing it, it is infinitely © 
larger. It appears therefore that the true Rea- 4 
ſon, why Quantities are rejected in Caſes of 
this Sort, is not becauſe they are infinitely 
ſmaller than others. The true Reaſon 18, 
that they are not wanted, as having no Part 
or Share in the Quantity required. Thoſe 
Mathematicians who lay too much Streſs | 
upon the Rejection of *' Quantities,” becauſe ' 
they are dane ſmaller than others, will 
do well to conſidet this.” Hence it ap 
alſo, that the Argument, whereby the firſt 
Fluxions of Quantities have been uſually de- L 
_ duced, is certainly not ſtrictly and truly 5 n 
cal. It is no other than an Argument ad 
Ignorantiam; though one of the moſt ſubtle 
and moſt ingenious of that Soft, chat ever 
was deviſed, or thought of. ; 
LXII. There is one Thing möte, which it 
may be proper to take Notice of, relative to 
this Doctrine, and then I think 1 fall have 
ſufficiently explained the Nature and Grund- 
work of it, din. That it may ſeem e 0 
odd to Beg inners, that in eſtimating the Mag- 
nitude of 4 Mantity, in the fluxionary Me- 
thod we ſhould not make uſe af its Whole 
Inctement (as PR), but only ſo much of it. 
(as PT) as meaſures its firſt Fluxion, when 
it is ee chat the Magnitude of a Quantity 
H 3 + "Op * 
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ſecond, third, fourth, &c, Fluxions, if they 


102 A preliminary Diſcourſe, 
can be no leſs than all it ſhall have ac quired 


by, increaſing: 5 Or, that We ſhould Peers uſo" 


of only the. firſt Fluxion of the Quantity, 
when. perhaps ſecond, third, fourth, fifth, 
ſixth, &c, Fluxions ae infinitum, may actu- 
ally have been all caneerned: in the n of 
of that Quantity... m. 


In anſwer to this it is i tobe remembered, ; 


AST OE oo 


are. yew to. 98 — 8 it is oniy e 
their firſt Fluxions, as I largely explained Ne: 


5 before, have been found to be equal froms! 


firſt to laſt, or during the whole Time of he 


Increaſe. But two Quantities cannot have 
their firſt Fluxions the ſame from firſt to laſt, 


or for any Continuation of Time, but their 


have ſuch, muſt, neceſſarily be equal to eac i 


other during that Time. For the ſecond;: - 


third, fourth, .&s, Fluxions of any Quantity. . 


being, as obſerved. above, the, Changes and 


Subchanges the Rate it jinercaſes at, under-/ 
goes; it follows, that; if the 1 firſt board \ 
of two Quantities, be conflantly the ſame, all 


the other F luxions of. thoſe Quantities muſt 


be the ſame in each of them. The E quality. 
of the. ſecand,, third, Fe. Fluxions is virtu- 
ally implied in the continued Equality of 


the firſt. Thus, if you accompany: another 


Perſon, you muſt ſtop. When be ſtops,: ind. 11 


alter your "Pace as he, does. The ole Cirs i 


gcumſtance 


* we * 2 „ * N 


A prelininary Diſcourſe. 


cumſtance'of accom anying, or having * 4 
Paces of the firſt 755 during any Conti. 


nuance of Time, ltvpties, that thoſe of every 
other Order, are, the ſame alſo during that 
Time. When therefore, in computing the 
Magnitade of a Quantity, We ſuppoſe. ſome: 17 
one Term, or Ditnenſion, in an algebraical (or 7 
other) Expreflion, to increaſe e along with ſome 
one Pfneabr 'of the. Qu Quantity whoſe Mag- 
 nitude is required, and find, by Computation, 
that the Quantities themſelyes, vg. the algge - 
 braical; (or otlier) Expreſſion and the Quantity/.. - 
ſought, muſt have had the ſame firſt Fluxions, * 
that is, muſt haveaccompanied each other in in- 
creaſing all the Tinte, we juſtly conelude, that 
whe ey are equal to each oth ther in their above- r 
men ioned Dimepſions they a} alſo be, e qual 
in thernſelves: For though 115 25 F. * 4 
only have dell taken into the Account, yet, 
as: ole firſt, Fluxions, have. Cine, equal 


in eich! Quantit al the Wey, it is clear, chat. 
all the Chang Wk f Sobeh er BO, F lux 


ions may have 1 5 one, muſt have been 
thẽ ame 175 In b: That Pd 75 the firſt 
Flustion of the os Th, * the. fame all the 
Way with the f the W 
alſo of the e 1 the the ſame 
with * ſechnd the other; the thirkof..., v7 
the one, tlie fame with the third ol the ather; 
and o 6h,” The Quantities themſelves theres ..; 
fore muſt have inckca aſed during 85 hole 
Time in the lame nge in in all . ces and. 
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gutes might. each de expre 


and conſeq uently the rag tam PI, of 
which it is. apa one Dioznfon, hall. "= 
be allo expreſſed, in. a different Manner, 


equally to relate to the Arca A 


* 3 18 94 85 N 1 

4 4 A 5d . 8 
** muſt” be equal to, each other, 770 
vided they were not e ben the In- 
creaſe began. nd welt i. mL 28 A 

It may not be amis to tale Notice alſo in 
this Place, thongh' 1 mentioned jt before (Ar- 
tiele 9.) that by the Line PM, which is one 


Dimenſion in the Fluxions of the ſeveral 
Areas in Fig. 13. 14. an 15. muſt by no 
means be underſtood: the per pendicular Di- 


ſtance between the Lines C "CD and AB at 
ſome detetminate Point, as P,. 0 1 but an 
algebraical Theorem or Exp reſſion denotiag 


that Diſtance, meaſure. it 8 Will:: 
For otherwiſe, as 1 evident, 


| the Fluxions of 
different” Quantities, -,as, * for. igſtance, the 
Fluxions of the different Areas. in thoſe. Fi- 
d the ſame 
Way; from hence the utmoſt Confuſion 
would ariſe.” The Diftance of the Line PM... 
— the Point A, is to be dengted by: ſome 

al Character, as x, and. its Value, or 


Mas tude,” to, be computed. from, the Nature... 
and Properties 'of the. F Neu, or | 


Lantity 
concerned; by which G's "though the = 
Line 5 M i er may be the ſame in different 


Caſes,” it "Gall come ou differently ie 


In fort, it hall always be ſo expreſſed, as 


ot the 
Quantity concerned, under all Magnitudes ; bs 


and 


A prebevinary Difegſe, 195 
and hence it is, that,” as I have ſometimes ex- 
preſſed it; it ſhall meafute the Flukion gf 
that Quantity from fr 10 Taft,” 

L XIII. It was obſerved” (Article 51.) that 
the Inerements of Quantities, when conſider- 
ed as infinitely ſmall, are; as to their Rela- 
tions, | proper Repreſentatives of the firſt 
Fluxions of thoſe Quantities; ſo, in like 
manner, are thoſe Which ate deemed infinito- 
_ infinitely: ſmall, and thoſe which are infinitely 
leſs than them, and ſo on, that is, thoſe of the 
ſecond, third, Gr. Order, moſt apt and pro- 
per Meaſures of the 'PFluxlons of each cor- 
reſponding Order: And not only fo,” but they 
do alſo at the ſame Time naturally repreſent 
and expreſs” that Subordination and infinite 
Diſtance there is between the Fluxions of 
any one Order, and of that which immedi- 
ately follows it. Which Thing I now pro- 
JJ. 
ILXIV. If we have due Regard to the De- 
finitions of Fluxions of various Orders, v:z. of 
Firſt, Second, Third, &c. as I juſt now laid 
them down (Article 50.) we ſhall readily per- 
ceive, that the Fluxions of each Order are ef- 
ſentially different from thoſe of the foregoing 
one, as the firſt Fluxion of every Quantity is 
from the Quantity itſelf. The firſt Fluxion 
of any Quantity with Reſpe& to the Quantity 
itſelf, is no more than an Affection thereof, 
it is but the Velocity wherewith the Quantity 
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iherealet; there 1s. therefore an eſſential, chat 
1 18, in Walnechalicz Language, an Ne Dif- 


ference between them. Again, a ſecond Flux- 


1n the Firſt : But 10000 Changes of Increaſe 
will not conſtitute. * any one Rate of Increaſe 
Whatever; a Change of Increaſe is therefore 
in the Order 'of Thing 8 infinitely below the 
Increaſe itſelf. A ig Fluxion is a Chang e 


or Alteration in the former, and is 9 an 


alſo eſſentially different from that: It is in the 


Order of Things infinitely below it; and ſo on. 
Thus, there is an infinite Inferiority and Sub- 
ordination between the Fluxions of any one 


nyt and of that which immediately preceeds 
It. This infinite Gradation is moſt beautifully 
ee in the very Nature and Conſtitu- 
tion of thoſe infinitely little Quantities we are 


= ſpeaking of, when conſidered as they re- 


Rr one another, and the (pantify whoſe 
luxions they repreſent. - 


Jo give an Idea of this ; let x be the I 
crement of the Baſe AP, in Fig. 14. it ſhall 
then, as we have ſeen, enter the Expreſſion 


for the Fluxion of the Area AM, and be A 


Factor therein, as in the Expreſſion P Mx; 
that Fluxion therefore, if the Increment x. be 
conſidered as infinitely ſmall, will be infinitely 
ſmaller than the Quantity whole Fluxion it 
is, that is, than the Area AM; and there- 
fore will aptly repreſent and — that infi- 

nite 


4 R Dar, 107 


J nite Subordination and Diſtance. there is be- 


"tween the Quantity and its firſt. Fluxion. 
And, as we ſhall ſee afterwards, 1 mean in 
the Book itſelf, the Square of x X, or Xx, ſhall | 


be a Factor in the ſecond. Fluxion of that 


Quantity ; ; and will phy, that this Fluxion 
is & times leſs, that 18, infinitely than the 
former: Again x times & times x, ot xxx 
ſhall enter the Third, and be a Factor there; 
which will imply, that this F luxion is infi- 


nitely inferior to the former; and ſo on. And 
| ws oa. when conſidered in this manner, 


they do moſt aptly ſhadow out, and expreſs, 


that infinite Inferiority and Subordination 


above-mentioned, _| 
Thus I have thrown together all I have 


to ſay by way of Explication of the Nature 
and Peculiarity of this Method; and ſhall 
proceed to the Treatiſe it- 


therefore now 
ſelf, for which this preliminary Diſcourſe is 


| 


intended as an Introduction; in which Trea- 
tiſe I propoſe to demonſtrate the Rules of the 


Method both with and without the Suppoſi- 


tion of infinitely ſmall Quantities, or Quanti- 


ties infinitely- diminiſhed, that the Reader 
himſelf may judge to which of the two dif- 
ferent Ways the Preference ought to be 
given, 


W The Method of Fluxions was at art 


liable to another Objection, not taken Notice 


of * the e vid. that. the Rules. of it 


were 
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